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Abstract

This article unveils how the kernel block bootstrap method of Parente and Smith (2018a,2018b)
can be applied to make inferences on parameters of models defined through moment restrictions.
Bootstrap procedures that resort to generalised empirical likelihood implied probabilities to draw
observations are also introduced. We prove the first-order asymptotic validity of bootstrapped test
statistics for overidentifying moment restrictions, parametric restrictions and additional moment
restrictions. Resampling methods based on such probabilities were shown to be efficient by Brown
and Newey (2002). A set of simulation experiments reveals that the statistical tests based on the
proposed bootstrap methods perform better than those that rely on first-order asymptotic theory.
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1 Introduction

The objective of this article is to propose new bootstrap methods for models defined through moment
restrictions in the time-series context using a novel bootstrap method introduced recently by Parente and
Smith (2018a, 2018b). Simultaneously, we amend some of the existent results in the related literature.

The generalized method of moments (GMM) estimator of Hansen (1982) has become one of the most
popular tools in econometrics due to its applicability in different and varied situations. It can be used,
for instance to estimate parameters of interest under endogeneity and measurement error. Consequently,
the richness of the set of inferential statistics provided by GMM may be extremely useful to economists
doing empirical work. These statistics allow to test for overidentifying moment conditions, parametric
restrictions and additional moment conditions.

The performance of statistics based on GMM has been revealed to be poor in finite samples and
this situation worsens in time-series data due to the presence of autocorrelation [see Newey and West
(1994), Burnside and Eichenbaum (1996), Christiano and den Haan (1996) among others]. To tackle
this problem several alternative approaches have been proposed in the literature, being the bootstrap
among the methods that has produced better results. The bootstrap is a resampling method introduced
by Efron (1979) to make inferences on parameters of interest. It can be used not only to approximate
the (asymptotic) distribution of an estimator or statistic, but also to estimate its variance. From the
practical standpoint it has the benefit of not requiring the application of complicated formulae and from
the theoretical viewpoint it allows to obtain asymptotic refinements when the statistic of interest is
smooth and asymptotically pivotal.

Bootstrap methods in the context of moment restrictions have been introduced previously by Hahn
(1996) and Brown and Newey (2002) for random samples and Hall and Horowitz (1996), Andrews
(2002), Inoue and Shintani (2006), Allen, et al. (2011) and Bravo and Crudu (2011) for dependent data.
This literature can be divided in two strands.

Hahn (1996) proves consistency of the i.i.d. bootstrap distribution for GMM, but he did not
consider bootstrapped test statistics based on GMM. Hall and Horowitz (1996), Andrews (2002) and
Inoue and Shintani (2006) propose the use of the standard moving blocks bootstrap applied to GMM.

A second line of research is followed by Brown and Newey (2002), Allen, et al. (2011) and Bravo and



Crudu (2011) who use empirical likelihood and generalised empirical likelihood implied probabilities to
draw observations or blocks of data.

Hall and Horowitz (1996) suggested applying the non-overlapping blocks bootstrap method of Carl-
stein (1986) to GMM after centering the bootstrap moment restrictions at their sample means. They
prove that this method yields asymptotic refinements not only for the bootstrapped J statistic of Hansen
(1982), but also for the bootstrapped ¢ statistic for testing a single parametric restriction. Andrews (2002)
extends Hall and Horowitz (1996) method to overlapping moving blocks bootstrap of Kiinsch (1989) and
Liu and Singh (1992) and the k-step bootstrap of Davidson and Mackinnon (1999). However, Hall and
Horowitz (1996) and Andrews (2002) require uncorrelateness of the moment indicators after a certain
number of lags. This assumption is relaxed by Inoue and Shintani (2006) in the special case of linear
models estimated using instruments.

Brown and Newey (2002) in the i.i.d. setting mention, though without a formal proof, that the
same improvements can be obtained, by using a method that they denominate empirical likelihood (EL)
bootstrap. The EL bootstrap consists in first computing the empirical likelihood implied probabilities
associated with each observation under a set of moment restrictions and using these probabilities to
draw each observation in order to construct the bootstrap samples. Although Brown and Newey (2002)
did not prove the asymptotic validity of the method, they showed heuristically that it is efficient in
the sense that the difference between the finite sample distribution of a statistic and its EL bootstrap
counterpart is asymptotically normal (after a proper scaling) with minimum variance. Recently the EL
bootstrap method was extended to the time series context by Allen, et al. (2011) and Bravo and Crudu
(2011) using a MBB procedure. Both articles suggest first computing implied probabilities for blocks
of observations and use these probabilities to draw blocks in order to construct the bootstrap samples.
There are some differences between these two articles. Firstly, while Allen, et al. (2011) consider EL
implied probabilities, Bravo and Crudu (2011) use the generalised empirical likelihood (GEL) implied
probabilities of Smith (2011). Secondly, Allen, et al. (2011) propose using both non-overlapping blocks
and overlapping blocks whereas Bravo and Crudu (2011) only study the latter. Thirdly, Allen, et al.
(2011) investigate the first order validity of the method for general GMM estimators and Bravo and
Crudu (2011) consider only the efficient GMM estimator. Both articles address the first-order asymp-

totic behaviour of bootstrapped J statistic and bootstrapped Wald (W) statistics tests for parametric
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restrictions. Finally, in the case of tests of parametric restrictions, Bravo and Crudu (2011), additionally,
propose drawing bootstrap samples based on the GEL implied probabilities computed under the null
hypothesis and the moment restrictions and put forward the bootstrapped Lagrange multiplier (£LM)
and distance (D) statistics in this framework.

In this article we also consider a time-series setting, but depart from the dominant paradigm of
using bootstrap methods based on moving blocks and introduce an alternative to these resampling
schemes based on the kernel block bootstrap (KBB) method of Parente and Smith (2018a, 2018b). The
KBB method consists in transforming the data using weighted moving averages of all observations and
drawing bootstrap samples with replacement from the transformed sample. This method is akin to the
Tapered Block Bootstrap (TBB) method of Paparoditis and Politis (2001) in that if the kernel chosen
is of bounded support the KBB method can be seen as a variant of TBB that allows the inclusion of
incomplete blocks. However, KBB can be implemented also using kernels with unbounded support.
In the case of the sample mean and for a particular choice of the kernel with unbounded support it
allows to obtain a bootstrap variance estimator that is asymptotically equivalent to the quasi-spectral
estimator of the long run variance which Andrews (1991) proved to be optimal. Additionally, the
technical assumptions required by Paparoditis and Politis (2001) to prove the asymptotic validity of
TBB are not satisfied by truncated kernels that are non-monotonic in the positive quadrant such as
the flap-top cosine windows described in D’Antona and Ferrero (2006, p.40), while KBB can be applied
using this kernel. We note however that both TBB and KBB allow the most popular truncated kernels
to be used, such as the rectangular, Bartlett and Tuckey-Hanning.

We use the new method to approximate the asymptotic distribution of the J statistic of Hansen
(1982) that allows to test for the overidentifying moment restrictions, and the trinity of test statis-
tics (Wald, Lagrange multiplier and distance statistics, cf. Newey and McFadden 1994, section 9 and
Ruud,2000, chapter 22) that permit testing parametric restrictions and additional moment conditions.
We show that the first order validity of the bootstrap test for overidentifying conditions GMM estimator
does not require prior centering of the bootstrap moments, this centering can be done a posteriori.

In the spirit of Brown and Newey (2002), we propose additionally to use the GEL implied probability
associated with each transformed observation [Smith, 2011] to construct the bootstrap sample. We prove

the first order validity of the method and corresponding test statistics. As Allen et al. (2011) and Bravo
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and Crudu (2011) we prove the first order validity of the bootstrapped distribution of the estimator and
the bootstrapped J statistic, and tests for parametric restrictions and additional moment conditions.

We show in this article that the proof of consistency of the EL block bootstrap of Allen, et al. (2011)
is in error in that when applied to the inefficient GMM estimator the bootstrap distribution of the
latter has to be centered at the efficient GMM estimator. Hence the results stated in their Theorem 1
and 2 are invalid in general, though they hold if the weighting matrix is a consistent estimator of the
inverse of the covariance matrix of the moment indicators [cf. Theorem 1 of Bravo and Crudu (2010).]
Although our proof of this results applies only to the new bootstrap methods introduced in this article,
the demonstration for EL block bootstrapping is analogous.

When testing for parametric restrictions and additional moment conditions the GEL implied proba-
bilities can be computed under the null or under the maintained hypothesis. Hence, two types of KBB
bootstrap methods can be used, one using the GEL implied probabilities computed under the main-
tained hypothesis as in Brown and Newey (2002) and Allen et al. (2011) and another based on these
probabilities computed under the null as suggest in the case of parametric restrictions by Bravo and
Crudu (2011). This article investigates these two types of bootstrap methods. We note that Allen, et
al. (2011) in the case of EL block bootstrap actually do not present the formula of the bootstrapped
Wald statistic, though their Theorem 3, which is based on theirs incorrect Theorems 1 and 2, refers
to it. On the other hand, the formula for this statistic presented in Bravo and Crudu (2011) is only
valid if the implied probabilities were computed under the maintained hypothesis and not under the
null hypothesis, though it is presented jointly with the LM and D statistics which are obtained with
the implied probabilities computed under the null. We show that the trinity of tests statistics can be
computed using implied probabilities obtained under the null and under the maintained hypothesis and
that they have different mathematical expressions depending on the resampling scheme chosen.

This paper is organized as follows. In the first section we introduce the KBB-method for moment
restrictions. In section 2 we summarize some important results on GMM and GEL in the time-series
context. The KBB method is briefly explained in section 3. In section 4 we present the first order
asymptotic theory on the KBB methods computed using the following different probabilities to draw
observations: uniform (standard non-parametric KBB method), the implied probabilities associated

with the moment restrictions and the implied probabilities associated with the maintained hypothesis,
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parametric restrictions and additional moment conditions. In section 5 we present a Monte Carlo study
in which we investigate the performance of the proposed bootstrap methods in finite samples. Finally

section 6 concludes. The proofs of the results are given in the Appendix.
2 Framework

Let z;, (t =1,...,T) denote observations on a finite dimensional (strictly) stationary process {z},-, . We
assume initially that the process is ergodic, but later we will require the stronger condition of mixing.
Consider the moment indicator g(z, ), an m—vector functions of the data observation z; and the p-
vector 3 of unknown parameters which are the object of inferential interest, where m > p. It is assumed

that the true parameter vector By uniquely satisfies the moment condition

E[g(zta BO)] = Oa
where E[] denotes expectation taken with respect to the unknown distribution of z;.

2.1 The Generalized Method of Moments estimator
2.1.1 The Estimator

For notational simplicity we define ¢:(8) = g(z,8), (t = 1,...,T), and §(8) = Zstl 9:(8)/T, let also
Gi(B) = 8g:(B)/08', (t = 1,...,T), G = E[G¢(By)] and Q = lim,, o var[v'T§(8;)]. Denote W a sym-
metric weighting matrix that converges in probability to a non-random matrix W. The GMM estimator

is defined as

B8 = arg min@(ﬁ),

BeB

Qr(B) = 3(B)Wg(B).
Hansen (1982) showed that under some regularity conditions B EN By and
VI (5~ o) = N (0, avar(5)).
where 2 and % denote convergence in probability and distribution respectively and
avar(f) = (GWG) '\GWAWG(G'WG) ™.

Denote ¥ = ('Q1G)~! and G (8) = ZiTzl G: (B) /T, G = G(B). Hansen (1982) proved also that the

most efficient GMM estimator 3¢ is obtained when we set W = Q! and in this case avar(3¢) = ¥.
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We consider the following regularity conditions that are sufficient to prove consistency.

Assumption 2.1 (i) The observed data are realizations of a stochastic process z = {z; : @ = R*",n e Nt =1,2,...}
on the complete probability space (0, F, P) where Q = x5, RF and F = B( x$2, R") (the Borel o—field

generated by the measure finite dimension product cylinders); (ii) z; is stationary and ergodic ; (iii)

g(., B) is Borel measurable for each B € B, g(z, B) is continuous on B for each z; € Z, (iv) E[supgep llg(2:, B)[l] <
00, (v) E[g(z:, 8)] is continuous on B; (vi) E[g(z:,8)] = 0 only for = By, (vii) B is compact. (viii)

W =W +o0,(1) and W is a positive semi-definite definite matriz.

The following theorem corresponds to Theorem 3.1 of Hall (2005, p.68)
Theorem 2.1 Under assumption 2.1 B = By + op(1).
The assumptions 2.2 ensure that the estimator asymptotically normal distributed.!

Assumption 2.2 (i) {z;,—00 <t < oo} is a strong mizing process with mizing coefficients of size
—r/(r—2), v > 2, B[|lg(z, Bo)||"] < oo, r > 2; (ii) Gi(B) emists and is continuous on B for each

2 € Z (iii) rank(G) = p; (iv) Elsupgep |G1(8)||] < oo, where N is a neighborhood of Bo.
The following Theorem is proven in Hansen (1982, Theorem 3.1) or Hall (2005, p. 71).
Theorem 2.2 Under assumption 2.1 and 2.2
VT(3 - Bo) < N(0, avar()),
where avar(3) = (G'WG)*G'WOWG(G'W@G) L.

To obtain an efficient estimator we need to estimate £2. Numerous estimators for {2 have been proposed
in the literature under different assumptions [see White (1984), Newey and West (1987), Gallant (1987),
Andrews (1991), Ng and Perron (1996).] Let Q = Q + 0,(1), the efficient two-step GMM estimator is

defined as

Be = arg min@(ﬁ),

BeB
Qr(B) = 4B '4(B).

IThese assumptions are different from those stated in Hansen (1982), but facilitate comparisions with the assumptions
made later in the paper for GEL and KBB.
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Overidentification tests Consider the hypothesis Hy : E[g:(80)] = 0 vs Hy : E[g:(50)] # 0. Hansen

(1982) proposed the J statistic to test this hypothesis which is defined as
J =ng(B)Q1g(5%),
where € is a consistent estimator of £ . Hansen (1982, Lemma 4.2) proved the following Theorem.

Theorem 2.3 Under assumption 2.1 and 2.2 and if m > p, J A 2(m — p).

Specification Tests Here we consider tests for the null hypothesis

Ho : a(Bo) = 0, Elg(2, Bo)] = 0,

where q(z¢, Bo) is a s—vector of moment indicators and a(8) is a r—vector of constraints. The alternative
H; is a(Bo) # 0 and/or E[q(z:, Bo)] # 0.

In the context of GMM, test statistics for parametric restrictions were proposed by Newey and West
(1987) and for additional moment restrictions by Newey (1985), Eichebaum et al. (1988) and Ruud
(2000) [see also Smith (1997) for tests based on GEL.]

In order to introduce these statistics define h(z, ) = (9(zt, 8), q(zt, B)"), @(8) = q(z1, B), he(B) =
Wz, B) (8= 1,0 1), h(8) = X2y ma(B)/T: 4(8) = £y au(B)/T- Let also E = lima oo varlvTh(5o)];
E12 = limy oo E[X01; 0:(80)@(Bo)'/VT) and Zgz = lim,, .00 E[v/14(B0)']. Denote = a consistent estima-
tor of Z and let élg and égg be the submatrices of = that consistently estimate =12 and Zy9 respectively.

Let also

R(B) = < a0 O}ZS )

OSXT
where A(5) = da(B)/05" (a r x p matrix). The restricted efficient GMM estimator is defined as

B; = argminQr(B),

BEB,

Qr(B) = h(B)YE"'h(B),

where B, = {8 € B:a(8) = 0}. Let 4 = §(3°) — EnZ119(89), 7 = (a(8°),%') and R = R(j3°). Define

also Qu(8) = 0¢:(8)/98', Q(B) = Z;Trzl Q:(B)/T and Q = E[8¢:(80)/08]. Let ¥ = (D'E-'D)~! and

U = (D'2-1D) 'where



and D = D(j3°).
We consider the following versions of the Wald, score and distance statistics
W = #(RUR) 7,
S = Th(EYEDUDE (),
D = TIh(EB)Eh(B) - a5 g(5).
The results of Newey and West (1987), Newey (1985), Eichebaum et al. (1988) and Ruud (2000)

are summarized in the following Theorem which is proven in the Appendix for completeness.

We require the following additional assumptions to hold

Assumption 2.3 (i) By is the unique solution of E[h(B)] = 0 and a(8) = 0; (ii) q(.,B) is Borel
measurable for each 8 € B and ¢:(5) is continuous in B for each z € Z (iil) a(B) is twice continuously
differentiable on B, (iv) E[||q(zt, Bo)||"] < oo, r > 2; (v) Qi(B) exists and is continuous on B for each

2 € Z; (vi) rank(Q) = s; (vii) E[supgep [|Q:(B)|l] < oo; (viii) E is non-singular and = =2+ o0,(1).
Theorem 2.4 unveils the asymptotic distribution of the trinity of the test statistics.

Theorem 2.4 Under assumptions 2.1, 2.2 and 2.8 the statistics W, S and D are asymptotically equiv-

alent and converge in distribution to x2(s + ).

2.1.2 Generalised Empirical Likelihood

In this section we review the efficient GEL estimator for time-series proposed by Smith (2011). Consider

the smoothed moments

1 —
gir (B) = 5 ZZ;_T k(s—i)gt(ﬁm =1,...T,

where the kernel function k(-) satisfies fj—z k(a)da = 1, St is a bandwidth parameter. Define ks
fj;: k(a)?da.

Let p(-) be a function that is concave on its domain V , an open interval containing zero. It is
convenient to impose a normalization on p(-). Let p;(-) = 87p(-)/0v? and p; = p;(0), (j = 0,1,2,...).

We normalize this function so that py = po = —1. The GEL criteria for weakly dependent data was

defined by Smith (2011) as
Pr(8.0) =3 [p(kNgir (8) — pol/T.
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where k = 1/ky. The GEL estimator is

BGEL = aI‘g min sup PT (57 >‘) )
BEB  XeAr

where A7 is defined below in Assumption 2.8. Let \ (B) = arg supPr (B, A), A= ;\(BGEL) and Gir (B) =
AEAT
dgir(B)/08" .

Smith (2011) defined the implied probabilities as

Wt(ﬁ) _ Pl(kj\ (BA)lgtT (5)) t=1...T
S A B) ar (8) T

Smith (2011) required the following assumptions to hold.

Assumption 2.4 The finite dimensional stochastic process {z},-, is stationary and strong mizing with

mizing coefficients a of size —3v/(v — 1) for some v > 1.

Remark 2.1 The mizing coefficient condition in Assumption 2.4 guarantees that Z 17 2a(j )(”’1)/” <

o0 is satisfied, see Andrews (1991, p.824), a condition required for the results in Smith (2011).

Assumption 2.5 (i) Sr — oo, Sp/T"? — 0; (ii) k() : R — [~Fkmax, kmax)-kmax < 00, k(0) #

0,k1 # 0 and is continuous at zero at almost everywhere; (iii) [* k(z)dz < oo where k(z)
I(x > 0)sup,, [k(y)| + I(x < 0)sup,<, [k(y)|; (iv) [KA)| > 0 for all A € R, where K(\) =

(277)_1/k($) exp(—izA)dz.
Assumption 2.6 1 — co, S = O(T/?=1) for some n € (0,1/2);

Assumption 2.7 (i) 8y € B is the unique solution of Elg; (8)] = 0; (ii) B is compact; (iii) g, (8) is
continuous at each § € B; (iv) E[supgep [lg: (8)|”] < oo for some a > max(4v,1/n); (v) Q(B) is finite

and p.d. for all 5 € B.

Assumption 2.8 (i) p(-) is twice differentiable and concave on its domain an open interval V con-
taining zero, p1 = pa = —1; (ii) A € Aq, where Ap = {X: ||| < D(T/52)7¢} for some D > 0 with

1/2> ¢ > 1/(2am).
Theorem 2.5 is proven in Smith (2011).

A

Theorem 2.5 If Assumptions 2.4, 2.6, 2.7 and 2.8 are satz’sﬁedB 2 By and 2o Moreover,

Opl(T/83)71%] and |gr(B)|| = O,(T172).



Let H=3G'Q 1t and P= Q71 - Q7 1GEG'QL. The proof of asymptotic normality of Smith (2011)

also required the following assumptions.

Assumption 2.9 (i) o € int (B); (ii) g(-, B) is differentiable in a neighborhood N of fo and Elsupge s ||G+ (B)Ha/(a_l)] <

oo; (iii) rank(G) = p.
Smith (2011) proved the following theorem.

Theorem 2.6 If Assumptions 2.4, 2.6, 2.7, 2.8 and 2.9 are satisfied

T1/2 (BGEL - ﬁ ) p .
( TS, 0 ) £ N(0, diag(%, P)).

3 The kernel block bootstrap method

The idea behind the KBB method is to replace the original sample by a transformed sample and apply the
i.i.d. bootstrap to the latter. To be more precise consider a sample of T' observations, (X1, ..., X1), on
the zero mean finite dimensional stationary and strong mixing stochastic process {X; },~, with E[X,] = 0.

Let X = Y/, X;/T. Define the transformed variables

1 t—1 S
Yir = ?T Zs:th k(@)Xt—sa (t =1, '-~7T)7

o0

where St is a bandwidth parameter and k(-) is a kernel function standardized such that / kE(v)dv = 1.

The standard KBB method consists in applying the non-parametric bootstrap for i. ijd. data using
the transformed sample (Yir, ..., Yrr) obtaining a bootstrap sample of size mp = T'/St , that is each
bootstrap observation is drawn from (Y, ..., Ypr) with equal probability 1/T. The asymptotic validity
of the method was proven by Parente and Smith (2018a, 2018b).

In this article we modify the original method in that each observation is drawn with probability
PlYjr = Yir] = pir, for j = 1,...,mr and ¢t = 1,...,T where p;r can depend on the data and satisfy
0 <pr <1and 23:1 pir = 1. The standard KBB method of Parente and Smith (2018a, 2018b) is
obtained with pyp = 1/T for for j =1,...,mp and t =1,...,T. Let Y = ZthlptTYtT.

In order to prove that the bootstrap distribution of \/T(Y* 7}7) is close to the asymptotic distribution

of TY/2X as T goes to infinite, we required the following assumptions taken from Parente and Smith

(2018a, 2018b).
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Assumption 3.1 The finite dimensional stochastic process {Xi},o, is stationary and strong mizing

with mizing coefficients a of size —3v/(v — 1) for some v > 1.

Assumption 3.2 (i) my = T/Sr, St — 00, Sy = O(TY?~") for somen € (0,1/2); (ii) E[|X|"] < oo,

for some a > max(4v,1/n), (iii) 02, = limy_ o var[TY2X] is finite.
Assumption 3.3 (i) 0 < pir < 1, 23:1 pir = 1, maxi<i<7 [Tpir| = 0p(1), (ii) VTY = O,(1).

Similarly to Gongalves and White (2004) P denotes the probability measure of the original time
series and P* that induced by the bootstrap method. For a bootstrap statistic 6} we write 07 — 0
prob-P*, prob-P if for any ¢ > 0 and any ¢ > 0, limp_,o P{P*{|0%| > ¢} > 6} = 0. We also use
measures of magnitude of bootstrapped sequences as defined by Hanh (1997). Let & = Oy (ar) if £7.
when conditioned on w is Oy(ar) and £ = oy (ar) if 7. when conditioned on w is op(ar). We write
& = Op(1) if, for a given subsequence {T"} there exists a further subsequence {T"} such that O/ (1).
Similarly we write &5 = op(1) if, for a given subsequence {1”} there exists a further subsequence {T"'}
such that o (1).

The Theorem 3.1 shows that the bootstrap distribution of \/7% (Y* —Y) is uniformly close to the

asymptotic distribution of T/2X.
Theorem 3.1 Under Assumptions 3.1-3.3 and 2.5, if E[X:] =0
hm P{sup‘P {(VT/k2(Y ) <} —P{TV?X < x}‘ > 5} 0,
where ko = /_00 k% (v)dv.
The GEL- KBB method is obtained when p;7 = 7y, where 71 = wt(BGEL).

Lemma 3.1 Assumption 3.3 is satisfied if pip = Ty.
4 Kernel block bootstrap methods for GMM

4.1 The standard KBB method

Consider a bootstrap sample of size mrp, {g;r (8)};~ , drawn from {gir (ﬁ)}le and let Wi = Wrp +

op(1), where W7 is positive semi-definite matrix. Define also gi(8) = >0 g (3)/mr and

Q7 (B) = g7(8) Wigr(B).

[11]



To prove consistency we require the Assumption 4.1.

Assumption 4.1 (i) The observed data are realizations of a stochastic process z = {z; : Q@ = R*" neN,t =1,2,...}
on the complete probability space (0, F, P) where = X2, R™ and F = B( x§2, R™) (the Borel o—field
generated by the measure finite dimension product cylinders); (ii) z; is stationary and ergodic ; (iii)
g : Rl x B — R is measurable for each 3 € B, B a compact subset of R?, and g(z,-) is continu-
ous; (iv) E[g(z:, 8)] = 0 only for 8 = Bo, (v) Wr = W + 0,(1) and Q is a positive definite matriz,
Wi = Wr + op(1) (vi) E[supgeg l9(ze, 8)%] < oo for some a > 1; (vii) TV/mq = o(1), where

mr — OQ.
Theorem 4.1 shows that the GMM bootstrap estimator is consistent.
Theorem 4.1 Under assumption 4.1 B — B — 0, prob-P*, prob-P.

To prove the consistency of the bootstrap distribution of the GMM estimator we require assumption

4.2 to be satisfied.

Assumption 4.2 (i) The (k x 1) random vectors {z;,—0o <t < 0o} form a strictly stationary and
mizing with mizing coefficients of size —3v/(v — 1) for some v > 1; (ii) By € int(B); (iii) g(z:.0) is
continuously differentiable in a neighborhood N of 8 with probability approaching one; (iv) E(g(z, o)) =
0 and E[llg(z, Bo)lI] is finite for for some a > max(4v,1/n); (v) Elsupgen 109(z, 8)/98'[|"] < oo for

some a > 2/(1+2n); (vi) G'WG is nonsingular and Q exists and is positive definite (vii) mr =T /Sr.

Theorem 4.2 demonstrates the consistency of the KBB distribution of the GMM estimator.

25}0.

Hansen (1982) showed that the most efficient estimator is obtained if one sets W = Q1. We now show

Theorem 4.2 Under Assumptions 2.5, 4.1 and 4.2,

lim P { sup P*{\/z(ﬁ* —B) <z} —P{TY*(B - By) < x}

T—oo zEeRF

4.1.1 Bootstrap Estimation of )

how to obtain consistent estimator for Q using the bootstrap. Let Q*(8*) = S 314 g5 (8)g; (6*)'/ (mrks)
where 3* is a bootstrap estimator of 3y such that \/T(B* — Bo) = Op(1).

Assumption 4.3 is going to be required.



Assumption 4.3 Elsupgey ||89(z,6)/86’||2a/(a_1)] < 00.
The desired result is given by Lemma 4.1

Lemma 4.1 Under assumptions 2.5, 4.2 (i), (iii), (iv), (vi), (vii) and 4.3 and if VT (3*—By) = Op(1)
we have

lim P[P*|

T—o00

O (3 - Q‘ >¢el >8] =0.
4.1.2 Testing for overidentifying restrictions

Let Q* = Q+o0p(1), and let 3¢* be the bootstrap GMM estimator obtained with Wi = (1 and define

(B g (B) — (B°)].

Q
*
Il
S
*
—
=
Q
*
N
|
Na)Y

The following Theorem proves the validity of the KBB- 7 test for overidentifying restrictions.
Theorem 4.3 Under Assumptions 2.5, 4.1 and 4.2,

Jim_ P {Zlég [PH{T* <z} —P{J <=} > 6} =0.
4.1.3 Bootstrap tests for parametric restrictions and additional moment conditions.

In this subsection we propose bootstrap versions of the tests for parametric restrictions and additional

moment conditions. Let

her (B) = = Z k(i)ht(ﬂ), t=1,..T

and consider a bootstrap sample of size mr, {h; (8)};~; ,drawn from {h;p (6)})?:1 . Let 9 = Q+o0p(1)

and E7 = 2 4 0p(1). Define also hi(3) = 77 hip(8) /mr,

s=1

Q1 (B) = hy(B) =5 1in(B),
and

Be* = argminQ;, ().
BEB,
Let 4* = ¢*(3°) =25, 27 6* (3), r* = ((a(B°*),4*) and R* = R((*). Additionally, denote Q% (3) =

9q; (8)/08', Q* (B) = X1, Qi (B)/T, ¥ = (D=*~1D*)~, where

ro- (55 %)

[13]



and D* = D*(j3). We consider the following bootstrapped statistics

W= O = AR R A,
S = (Il () — hEVET D DE e (B27) — (AL,
D' = (B (BEn) — REVET (6 — B

Hall and Horowitz (1996) considered t-statistics for tests on a single parameter for GMM using MBB
and consequently these statistics seem to be new in the literature.
In order to show that the bootstrap distributions of these statistics are close to its asymptotic

distributions the following assumptions are required.

Assumption 4.4 (i) By is the unique solution of E[hi(8)] = 0 and r(B) = 0; E[||h(z, Bo)||?] is finite;
(i) @:(B) is continuous in B for each z € Z; (iii) r(B) is twice continuously differentiable on B; (iv)
dq(z,3) /0 exists and is continuous on B for each z, € Z (v) rank(Q) = s; (vi) E[supge 10g(z, 8) /05[] <

— — =

oo; (vii) = exists and is positive definite and = = E+ o0,(1).

Theorem 4.4 reveals that under Assumption 4.4 the bootstrapped trinity of test statistics is consistent

to the asymptotic distributions of the statistics.
Theorem 4.4 Under Assumptions 2.5, 4.1, 4.2,4.4

Tlim P {sup|P*{W* <z} -P{W<z}| > s} = 0,

z€R

Tlim P {sup [P {S* <z} —P{S <z} > s} = 0,

reR
lim P {sup |P*{D* <z} —P{D <z} > 5} = 0.
T—o00 zER

Moreover, W*, §* and D* are asymptotically equivalent.

4.2 The generalised empirical likelihood kernel block bootstrap method
4.2.1 An efficient GMM estimator

In this sub-section we introduce a GMM-type estimator that is efficient and plays an important role in

establishing the consistency of the kernel block bootstrap distribution to the asymptotic distribution of

[14]



the GMM estimator. We consider the objective function

Qr(B) =g(B) Wri (B),

where gr(8) = Zthl g1.7(B)7¢. Define the GMM-type estimator is defined as

p = arg miHQT(B)-

BeB
where Wy & W and W is a positive semi-definite definite matrix.
We characterize now the asymptotic properties of the new estimator. Theorem 4.5 shows that this

estimator is consistent for (.

Theorem 4.5 Under Assumptions 2.4, 2.5, 2.6, 2.7 and 2.8 8 2 f,.
Theorem 4.6 reveals that 3 is asymptotically equivalent to Be.

Theorem 4.6 Under Assumptions 2.4, 2.5, 2.6,2.7, 2.8 and 2.9

VT(B = Bo) — VT(3° — Bo) 20,
VT (B — o) 2 N(0,%).

This theorem shows that no-matter the weighting matrix W we choose, we always obtain a estimator

that is asymptotically equivalent to the efficient two-step GMM estimator.

4.2.2 The bootstrap method

Let g5 (8) ;¢ = 1,...,mp be obtained by drawing observations from {g.r (ﬂ)}tT:1 where P(glp (8) =
gir (B)) = 7, t =1,...,T. Denote §(8) = > g0 (8)/mr. The generalised empirical likelihood kernel

block bootstrap estimator (GEL-KBB) g* is defined as follows. Let

B = arg mingi.(8) W4 (8)
BeB
where Wi = Wr + op(1).

Let P* be the bootstrap probability measure induced by the new resampling scheme.
Theorem 4.7 Under Assumption 2.4, 2.5, 2.6, 2.7, 2.8 and 4.1 B* — B — 0 prob-P*, prob-P.

Assumption 4.5 Elsupgey 10g(z, B)/08'||"] < oo for some | = max {a/(a —1),2/(1 4 2n) + ¢}, for

some € > 0.

[15]



The following result shows consistency of the bootstrap estimator to the asymptotic distribution of

8.

Theorem 4.8 Under Assumptions 2.4, 2.5, 2.6, 2.8 2.9, 4.2 strengthen by 4.5 ,

hm ’P{sup ’P*{\/ B) < a} —P{TY*(3 - By) < z} >5} = 0,
T ERP

hm P{sup P*{\/ )y <a} —P{TY?(B - Bo) < x} >E} = 0.
TERP

We note that B* is centered at the efficient estimator B , not on the inefficient B , though the bootstrap
distribution of \/W(B* - B) approximates the asymptotic distribution of the inefficient estimator
Tl/Q(B—ﬁo). This result is not specific of the GEL-KBB method, it also holds for the empirical likelihood
moving blocks bootstrap of Allen et al. (2011) contradicting Theorems 1 and 2 of that article. Both

estimators only coincide if W = Q71

4.2.3 GEL-KBB Estimation of 2

Let B* be a bootstrap estimator such that vT(8* — o) = Op(1). We now prove consistency of the

bootstrap estimator of 2 under the GEL-KBB measure, which is given by

mr _ _
>, 9 (B)g (B

The consistency of Q* (5*) is proven in Lemma 4.2.
Lemma 4.2 Under Assumptions 2.4, 2.5, 2.6, 2.8 2.9, 4.2 strengthen by 4.3 if VT (3* — Bo) = Op(1)

we have

lim P[P*|

T—o00

O (5* Q] >¢]> 6] =0.
4.2.4 Testing for overidentifying restrictions

Let W2 = Q* ! where O* = Q4 05(1) and define 3% as the bootstrap GMM estimator computed with

Wi = Q*~1. corresponds to the efficient estimator and let

j* g (63*) Q* 1- *(66*)
2

Theorem 4.9 Under Assumptions 2.4, 2.5, 2.6, 2.8 2.9, .2 strengthen by 4.5

lim P {Sup |PHT* <z} —P{T <z} > g} =0.
T—o0 zER

[16]



4.2.5 GEL-KBB tests for parametric restrictions and additional moment conditions under
the maintained hypothesis

In this subsection we propose bootstrap versions of the tests for parametric restrictions and additional

moment conditions. Consider a bootstrap sample of size mr, {h}; (8)}, , drawn from {h.r (8 )};;F:1

1
where P(hir (8) = hir (8)) = 7, t = 1,..,T and j = 1,...,mr. Let also = = Z+op(1), h*(B) =
Z;"Tl hor(B)/mr, iLT(ﬂ) = Zthl he 7 (B)7 and ¢(8) = 23;1 g, 7(8)7. Consider the objective function
Q4 (B) = h*(B)'=*~'h*(5) and let

Bi* = argminQ%(8).

BEB;
Define 4 = g*(3%) - E5,3171* (3, 7 = (@(3*). 3 7 = 4(8°), 7 = ((a(3°) 7Y B = R(3).
Additionally, let Q7 (3) = dqF(8)/05" and Q* (8) = Ez;l Q7 (8)/T . Denote also U* = (D¥Z*~1D*)~Lwhere
y* _ C:;* (ﬁ) Omxs >
D (8) ( o) -1 )

and D* = ﬁ*(B).We consider the following bootstrapped statistics

W= (O - AR R - 7,
S = (O () — RAIE DN DYE e () - (Bl
D = (B — RGVE (52 — BB - g7 (8 g (5.

The Wald statistic can be seen as a generalization of the bootstrapped Wald statistic of Allen at al.
(2011) and Bravo and Crudu (2011) for parametric restrictions. The remaining statistics seem to be
new in the bootstrap literature.

Theorem 4.10 proves consistency of the bootstrap distribution of the trinity of test statistics.

Theorem 4.10 Under Assumptions Under Assumptions 2.4, 2.5, 2.6, 2.8 2.9, 4.2 strengthen by 4.5

and 4.4

hm P {bup|77*{W* <z} -P{W<z} > 5} = 0,

—oe z€R

lim P {sup [P{S* < x} —P{S < z}| > 5} = 0,
T—oo zER

lim P {sup [P{D* <z} —P{D < x}| > 5} = 0.
T—o0 zER

Moreover, W*, §* and D* are asymptotically equivalent.

[17]



4.2.6 GEL-KBB tests for parametric restrictions and additional moment conditions under
the null hypothesis

In this subsection we propose kernel block bootstrap versions of the tests for parametric restrictions
and additional moment conditions that impose the null hypothesis through the generalised empirical
likelihood implied probabilities similar to the method proposed by Bravo and Crudu (2011).

Before introducing the method we need to introduce the GEL criteria for weakly dependent data for

additional moments which is given by

Pr(B,0) =3, [p(ke'her (8)) — pol /T,

where k = 1/ky. The GEL estimator is defined as

BT,GEL = argmin sup PT (Ba 4,0)
BEB, @EAT

where Ar is defined below in Assumption 4.7 define also ¢ () = arg supPr (B,p), &r = @(BKGEL).
PpEAT

Consider a bootstrap sample of size my ,{hIT (ﬂ)} Tl , drawn from {hsr (ﬁ)}f:1 where ’P(h;T (B) =
t=
hir (B)) =7, t=1,...,T and j = 1,...,mp where

-~ pl(@;htT(B’r‘,GEL))

Tt = =T " > T.
Zj:1 P1 (@lrth(ﬁr,GEL))

L= 1,..,

We consider the case that the bootstrap weighting matrix is Wi = éT’l, where 2f = 2 + op(1). Define

hi(B) = -2 S0 Bl (B), Q4 (8) = hi(8)'ET1hl.(8)and let

Be’f = arg minQ}(ﬂ), B:T = arg min@l}(ﬁ).
BeB BeEB:

Define 4T = g (8¢") — 25, 21791 (3°1), 71 = ((a(B1),41) and Rt = R(3"). Additionally, let us define

Qi(ﬁ) = 8q1(6)/8,8’, Qt(B) = ZiT:1 QI(ﬁ)/T . Denote also U1 = (DVZI-1 D) ~1where

ro=(G i)

We consider the following bootstrapped statistics

Wi = (%)f*’[RT@TRT'rw,

T s 5 21 AT AT —171 7 Ae
St o= (,g)h*(ﬁﬁ*)’:T 'DYWTDVET AT (B,

T 404 =t—=1771/ e ~trpet\rOT—14T/ pe
Dl = (E)[hT(ﬁfT)’:T YRI(BET) — gt (BT QI gt (BT

[18]



where Qf = Q + op(1).

Versions of the statistics ST and DI for moving blocks bootstrap and parametric restrictions were
introduced previously by Bravo and Crudu (2011). The statistic W is new.

In order to show that the bootstrap distributions of these statistics are close to its asymptotic

distributions the following assumptions are required.

Assumption 4.6 (i) 8y € B is the unique solution of E[h; (8)] = 0; (ii) B is compact; (iii) hy (8) is
continuous at each 8 € B; (iv) E[supges ||k (8)[|%] < oo for some o > max(4v,1/n); (v) Z(B) is finite

and p.d. for all B € B.

Assumption 4.7 ¢ € Ar, where Ar = {¢: |¢|| < D(T/52)7¢}, for some D > 0 with 1/2 > ( >

1/(2am).

Assumption 4.8 (i) o € int (B); (ii) h(e, ) is differentiable in a neighborhood N of By and E[supge p || Hy CIRES

oo where | = max{a/(ov — 1),2/(1 4+ 2n) + e} ; (iii) rank(H) =p+q.

Theorem 4.11 demonstrates that the bootstrapped Wald, score and distance statistics are asymptot-

ically valid.

Theorem 4.11 Under Assumptions 2.5, 4.6, 4.7, 4.8, 4.2, 4.4

Jim P {sup [PIWVT <2} — P{W < 2}| > a} = 0,

lim P {sup ’PT{ST <z} -P{S<a}| > 5} = 0,
T—o0 z€R

Tlim P {sup ’PT{DT <z} -P{D<a}| > 5} = 0.
0 z€R

Moreover, WT, St and DI are asymptotically equivalent.
5 Monte Carlo Study

In this section we present a simulation study in which we investigate the small sample properties of
the proposed bootstrap methods. The model used in our study is a version of an asset-pricing model

considered in the Monte Carlo study of Hall and Horowitz (1996). The moment restrictions of this model

[19]



are

E{explus — Oo(x 4+ 2) +32] =1} = 0,
E{zexplus —bo(z+2)+32]—2} = 0
where 0y = 3, us = —9s2/2, and = and z are scalars. The random variable z has distribution normal

with mean zero and variance s2, with s = 0.2 or 0.4. z is independent of z, has a marginal distribution
normal with zero mean and variance s2, and is either sampled independently from this distribution or
follows an AR(1) process with first-order serial correlation coefficient p, = 0.75.

We evaluate the performance of Hansen (1982)’s J test and the symmetrical t tests for the null
hypothesis Hy : 8y = 3 with asymptotic and bootstrap critical values. The J statistic is computed using
the two-step GMM estimator in which the weighting matrix used in the first step is the identity matrix.
In the second step the long-run variance of the moment indicators is computed using the Newey-West
estimator (Newey and West, 1987).2

We obtain the bootstrap critical values for the J-tests and t-tests using the standard moving blocks
bootstrap, the kernel blocks bootstrap (KBB) based on different kernel functions and the versions of
these methods based on the Empirical Likelihood (EL) implied probabilities. KBB is computed using the
truncated kernel (KKByy), the Bartlett Kernel (KKBgy), the kernel that induces the quadratic-spectral
kernel (KKBgs) [see Smith (2011)] and the kernel version of the optimal taper of Paparoditis and Politis
(2001) (KKByp). The EL implied probabilities are computed imposing the moment restrictions in the
sample. In the tables of results we use the superscript EL to denote the results obtained with the bootrap
method based on the implied probabilities. Although the methods were computed for the case that there
is dependence in the data, we also apply the same method in the case that there is no dependence.?

In order to investigate whether the methods proposed are sensitive to the choice of the band-

2We also computed a two step GMM estimator in which the long-run variance of the moment indicators is estimated
using the Andrews (1991) estimator based on the Quadratic Spectral kernel. These results are available upon request.
Additionally, we investigated the performance of the tests based on the [J-statistic in which the long run variance of the
moment indicators was estimated using the approach of Andrews and Monahan (1992) which requires pre-whitened series.
The results obtained were not satisfactory in the Monte Carlo design considered and consequently are not presented.

3The quasi-Newton algorithm of MATLAB is used to compute GMM and EL hence ensuring a local optimum. The Newton
method is used to locate 5\(/6’) for given 8 which is required for the profile EL objective function. EL computation requires
some care since the EL criterion involves the logarithm function which is undefined for negative arguments; this difficulty
is avoided by employing the approach due to Owen in which logarithms are replaced by a function that is logarithmic for
arguments larger than a small positive constant and quadratic below that threshold. See Owen (2001, (12.3), p.235); Note
however, that this method might produce estimates that lie outside the convex hull of the data. In our study the worst
case in which this problem occurred affected 1% of the replications and corresponded to the case n = 50, s = 0.2 and
the truncated kernel was used. In all the remaining designs the problem only occurred in less or equal than 0.6% of the
replications. Hence our results are not considerably affected by this issue.
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width/block size we compute these parameters using two methods: the automatic bandwidth of Andrews
(1991) based on an AR(1) model and a non-parametric version of the Andrews (1991) method based
on a taper proposed by Romano and Politis (1995). These methods to compute the bandwidth were
applied to the residuals obtained in the first step of the GMM problem [see Parente and Smith (2018b),
section 4.3, for details]. Additionally, given that the computed automatic bandwidth Sr might induce
values of mp = [T/Sr] larger than T or equal to 1, where [-] is the ceiling function, we replace Sr by
5% = max {Sr, 1} and m¢ by mk = max { [T/S”}—‘ ,2} . Consequently we have 2 < m} <T.

We can find in the literature different bootstrap symmetric t-tests. Hall (1992, see sections 3.5, 3.6
and 3.12) considers the two-sided symmetric percentile t-test, the two sided equal-tailed t-test. Here
we report only the results on the former method because it provided the best results in our study.
Additionally, because our objective is to compare the performance of several different bootstrap tests
we present, for succinctness, only the results on computed using the 5% nominal level.*

Table 1 reports the empirical rejection rates of the Hansen (1982)’s J test. The results obtained
reveal that the J test based on asymptotic critical values are slightly undersized for s = 0.2 and they
become to some extent oversized for s = 0.4. Note that in the latter case the rejection frequencies do
not get closer to the nominal size when the sample size increases from 50 to 100.5 The tests based on
standard KBB and MBB critical values are considerably undersized. The tests based on the empirical
likelihood versions of the bootstrap methods although are undersized for s = 0.2, yield empirical rejection
rates closer to the nominal size for s = 0.4.

Table 2 presents the results on the t-tests for the hypothesis Hy : g = 3. The empirical rejection
rates of the t-tests based on the asymptotic critical values are considerably larger than the nominal
rate. On the other hand, the performance of the t-tests based on the critical values obtained with MBB
and KBB are noticeably better than those based on the asymptotic critical values. However, the t-tests
based on the taper of Paparoditis and Politis (2000) are undersized. The empirical-likelihood versions
of these t-tests, in general are slightly oversized, apart from the case in which the kernel version of the
taper of Paparoditis and Politis (2001).

Overall the results obtained with both methods to compute the automatic bandwidth are very similar

4The results on 1% and 10% nominal level were also computed and are available upon request.
5Note that these results are different to those reported by Hall and Horowitz (1995), specially in the case s = 0.4,
though they computed the GMM estimator using a different weighting matrix.
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Table 1: Empirical rejection rates of the J-tests with asymptotic and bootstrap critical values at 5%
level

Politis and Romano Andrews

n 50 100 50 100
Dz 0 0.75 0 0.75 0 0.75 0 0.75
s10.2 [ 0.4/0.2 [ 0.4/0.2 [ 0.4/0.2 [ 0.4/0.2 [ 0.4]0.2 [ 0.4]0.2 [ 0.4]0.2 [ 0.4

ASYMP (2.4 7.9(3.8 5.6(3.1 9.2/29 75|33 80(3.5 7.0[3.6 88|45 7.7

KBBrg |0.3 1.3|0.6 1.5|0.3 24|0.7 26|05 21|06 1.9(0.7 2.8 1.1 2.1
KBBL: [1.2 52|19 3.1|24 71|24 59|16 5.0|1.6 3.8|/2.8 7.2|34 5.7

KBBgr 0.1 0.4|0.1 0.6|0.5 0.8|0.6 1.1|0.3 0.5|0.3 0.8|0.7 0.9/0.8 1.2
KBBE: [0.8 4.4|1.3 29|15 6.4|1.7 52|0.7 46|13 3.7|2.2 6.9|25 4.7

KBBpp 0.0 0.0(0.1 0.0{0.2 0.3]/0.5 0.6]0.2 0.2]|0.2 0.4|0.6 0.4|0.7 0.7
KBBjp 0.5 3.6|1.8 2.6(1.0 51|15 41|06 3.6|1.5 3.3|1.3 54|21 3.6

KBBqs [0.1 0.2/0.1 0.3]/0.3 0.8/0.7 09]0.3 0.1/0.2 0.8]/0.7 0.6[0.8 1.2
KBBgg [0.6 3.3|1.5 20|15 6.3|1.7 46|1.0 3.9/1.3 29|19 6.1|2.7 3.9

MBBgr |0.2 0.1{0.2 0.1{0.3 0.5|0.5 0.7|0.4 0.2|0.3 0.6|0.8 0.6|0.7 0.9
MBB® | 0.6 4.0[1.3 24|1.2 6.2|1.6 45|0.5 3.9|1.1 3.3|1.6 6.0[/2.3 4.0

which may indicate that the proposed methods are robust to the choice of this parameter.
6 Conclusion

In this article we put forward new bootstrap methods for models defined through moment restrictions
for time series data that build on the kernel block bootstrap method of Parente and Smith (2018a,
2018b). These methods approximate the asymptotic distributions of tests for overidentifying conditions,
parametric restrictions and additional moment restrictions. We consider methods that impose the null
hypothesis, methods that impose the maintained hypothesis and methods that do not impose any restric-
tion in the way the bootstrap samples are generated. We prove the first-order validity of the methods
generalizing and correcting the work of Allen et al. (2011) and Bravo and Crudu (2011). A simulation

study reveals that the proposed methods perform well in practice.

Appendix: Proofs

Throughout the Appendix, C' and A will denote generic positive constants that may be different in different uses, and
C, M, and T the Chebyshev, Markov, and triangle inequalities respectively. We use the same notation of Gongalves and
White (2004). For a bootstrap statistic W.(.,w) we write W(.,w) — 0 prob — P*, prob — P if for any ¢ > 0 and any
6> 0, limp_, o 'P['P}’WHW}(A,wM >e] >4 =0.

A.1 Proofs of the results in subsection 2.1.1

Proof of Theorem 2.4: As Tauchen (1985) and Ruud (2000) we recast the test for Ho as a test for parametric restrictions
qi(B,7v) = q+(B) — v and construct the moment indicators h{(8,v) = (9¢(8)’, qf(8,~)’). Under the null hypothesis v = 0,
a(Bo) = 0 thus we have the model E(h?(80,0)) = 0 and a (8) = 0. Define 6§ = (8’,~')’ and h®(8) = S°7_, h%(8,7)/T.
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Table 2: Empirical rejection rates of the t-tests with asymptotic and bootstrap critical values at 5% level
Politis and Romano Andrews

n 50 100 50 100

Pz 0 0.75 0 0.75 0 0.75 0 0.75

5[ 020402040204 [02][04[02[04]02]04]02]04]02]04

ASYMP |24.3 25.8|22.2 25.7|18.3 20.4|19.5 19.9|22.3 26.0{20.0 25.9|18.9 20.1|17.4 20.0

KBBrr | 44 66 |60 79|46 61|59 66|44 7.1 |47 66|55 63|58 6.9
KBBY, | 69 87|75 93|66 78|73 78|65 84|62 82|71 69|68 75

KBBpr | 4.1 44|48 65|36 39|51 45|39 42|41 52|38 38|43 5.2
KBBg. | 6.0 64 |68 85|55 57(69 60|65 53|57 69|76 49|62 538

KBBpp | 29 25|34 41|28 25|33 32|29 29|29 40|30 23|30 31
KBBE | 44 40 |45 55|40 43|52 43|44 31|37 51|60 31|46 37

KBBqs | 44 45|51 64|36 43|52 48|40 48|43 54|40 42|42 5.1
KBB(; | 66 66 |68 89|58 64|70 70|69 63|62 79|77 58|66 7.0

MBB| 36 33|44 52|30 29|46 40|36 35|39 46|34 32|38 41
MBB® | 58 53|56 74|51 50|66 49|57 42|55 59|67 46|61 5.2

Define r (0) = (a (B)’,7') and the unrestricted GMM objective function
Q“(6) = h*(9)'E™h*(0).

Consider the GMM estimator . .
0¢ = arg minQ*(0).

6co
As pointed out by Ruud (2000, p. 574-575) the sub-vectors of 6 are
B¢ = argming(5)'Q4(5),
BeB
¥ o= d(B) —EnE a(h)

We note that by Theorem 2.1 3¢ = 8y 4 0p(1) also as Z = E + 0,(1) and E1; is invertible we have by a UWL that
4 = 0p(1) as E(h{(Bo,0)) = 0 under the regularity conditions of the Theorem 2.1. and

VT(6° — 6) % N(0,A)

by Theorem 2.2 as By € int(B) and 0 € int(R) = R where A = (D'E-1D).
Furthermore using the usual arguments based on first order conditions we have

JT ( B ; Bo ) = —[D'E7'D]T D'ET VTR (Bo, 0) + 0p(1).
Thus by a Taylor expansion we have under Ho
JT ( a(f‘-‘) ) —  —R()D'EDI D'E VT (8o, 0) + 0p(1)
= —R[D'E7ID|TID'ETIVTh(Bo,0) + 0p(1)

" and 0. Hence

aB) \ Tppra—1p-1p] 7" (a8
(40 o ()
= VTh*(Bo,0)' KVTh*(Bo,0) + op(1),
0p(1), R= R+ 0,(1), VTh(Bo,0) = Op(1) and where

where 6 is in a line between (3¢,4/)

w

asﬁ:D—l—op(l)7 E=E4
K =2"'DID'E"'D|"'R [R(D’'E"'D)"'R] ' R[D'E"'D]"'D'E"1,
Note that EKEKE = ZEKE and tr(KE) = s + r.Thus by Theorem 9.2.1 of Rao and Mitra(1971) It follows that

W2 (r + 5).
‘We consider now the LM statistic



Note that the restricted GMM estimator solves

6¢ = arg minh®(0)’Z~1h%(0),
0€O,

where O, = {(v/,8') € © : a(8) = 0,y = 0} . We note that since © is compact, ©, is compact. Note that 62 = (3¢’,0')’
and ff is consistent by Theorem 2.1.
We derive now the distribution of the restricted estimator. The Lagrangian is

L =h*(0)'E"1h*(0) — N'r(0)

and the first order conditions are

DLET R (67) — R(67)A
r(05)

where D, = D(3¢). Thus by the usual arguments we have

VT(0¢ — 00) = — (A — AR'(RAR) " RA)D'E~'VTh*(Bo,0) + 0p(1).
where A = [D’E~1D]~1. By a Taylor expansion

VTh(05) = VTh*(Bo,0)+ DVT(65 — o)
= [Imts — (DAD'E"" — DAR'(RAR) ' RAD'E~|VTh(Bo,0) + 0p(1). (A1)
Thus
LM = Th*(B,0/="1D(

H(D'E~1D) " D'Eh(B,0)
Th* (67)'E D(D'E™1 D)~ D' R (67)
= VTh*(Bo,0) KVTh*(Bo,0) + 0p(1)

as D = D+ 0p(1) and E = E+ 0p(1). Thus LM is asymptotically equivalent to W.
Now we consider the distance statistic

D

T[h(B5) S~ h(B7) — 9(B°) @ 3(B°)]
T[h*(05) E~ h*(05) — h*(0°)E~ A (6°)).
It follows from replacing vVTh®(0¢) by (A.1) and vThe(6¢) by
VTh*(6°) = VTh*(Bo,0) + DVT(0° — 0o) + op(1)
= VTh*(Bo,0) — D[D'E~' D]~ ' D'E~"VTh*(Bo,0) + 0p(1)
= [Imss — DID'E"1D) 1 D'E"1VTh(By, 0) + 0p(1).
Thus as vTh®(80,0) = Op(1) we have
D = VTh(Bo,0) KNTh® (80, 0) + 0p(1)
and the result follows. H

A.2 Auxiliary results on Generalised Empirical Likelihood
A.2.1 Unrestricted models

The following Lemma corresponds to a version of Lemma A.1 of Ramalho and Smith (2011) for weakly dependent data.

Lemma A.1 If Assumptions 2.4, 2.6, 2.7 and 2.8 are satisfied, then T =1+ op(1) and

S, T2 | S
TY2(7y — 1/T) = 22 g0 ——X(1/k2 + 0p(1)) + Op(5).
T St T

uniformly t =1,...,T.

Proof: The proof of the is contained in the proof of Theorem 3.1 of Smith (2004,p. A.11). |
Let wyp = ﬁ A k(g )we, t=1,..,T, @ = ST wwer, o= wi/T.

Assumption A.1 (i) The random wvectors {(w¢,z), —00 < t < 0o} form a strictly stationary and mizing with mizing
coefficients of size —3v/(v — 1) for some v > 1, (ii) E[w¢] = 0, E[||w]|*] < oo, for some a > max (4v,1/n) and
Y = limp_, o var[TY/24)] is finite and p.d.

[24]



The following Lemma corresponds to a simplified version of Theorem 3.1 of Smith (2011).

Lemma A.2 Under assumptions 2.4, 2.5, 2.6, 2.7, 2.8, 2.9, and A.1
T
VIw=T""2%"  wi—BoPT"?§(bo) + 0p(1),

where By = >.°

S§=—00

E[wigi—s(Bo)']. Additionally if wi = g(2¢,Bo) we have
VTo = [GEG'QYT25(80) + op(1).
Proof: Note that by Lemma A.1

~ T A~
TV2% — Tl/zztdmw”

T1/2 s
TN e/ T+Y, gtTS—we +op(1) + op<%)1wm

T S T L, T2 S
TV wer+ ?T > werdir—— S Ak + 0p(1)) + Zt ) thop(?T)].
- - T

Now by Smith (2011) Proof of Theorem 2.3 (see expression B.2, p A.11) we have

/2 1/2ps
A= —-T"*Pgr(Bo) + op(1).
St
Thus
TV = T2 an +5r angw[ T2 Pgr(Bo) + 0p(1)](k + 0p(1))
t=1
S
+Zthop<—T>1
t=1 T

where gr(8) = % Z?:I i g;i—T k((s/S7) gi—s(B), and gy = g7 (8). Now note that as in Lemma A.2 of Smith (2011)
we have

Tfl/ZZT:th _ Tfl/zg:tT:lwt_~_OP(T71/2)7
T20(8) = T”QZ 9¢(Bo) + Op(T~1/?).
and
S wr0p(5T) = 0y Y2 w1 0,12
tTpi 1/2 P tT Y
= op(1).

By similar arguments of the proof of Lemma A3 of Smith (2011) we have
Slk Z thg,’fT = Bo + Op(].),
T =
where By = >-22 _ _ Elwtgi—s(Bo)’]-
T
VT =T723 " w, — BoPT'2§(Bo) + 0p(1).
Now note that if w; = g(z¢, 30) we have T—1/2 Z?:l =T1/2§(8p) and By = Q and hence

T
T2 " wy — BoPTY2g(80) = T?3(B0) — QI — Q7 'GRG'Q™ T/ ?5(Bo)

GEG'Q 1T 25(8p).

Proof of Theorem 4.5: Note that by CS
Qr(8) = QB)| < 13(8) — 43I

Wl -

[25]



Note that by T
sup [|G(8) — §(B)Il < sup ||3(8) — Elg(zt, BllIl + sup [|(8) — Elg(z:, Bl -
BeB BeB BeB

Also by a UWL
sup [|3(8) — Elg(zt, B]ll = op(1).

BEB
Now
sup [G(B) — Elg(z, Bl = sup [|§(B) — g7 (B)Il + sup [|G(8) — El[g(z¢, Bl
BEB BEB BEB
< T [Tpir — 1 ;161% lgT (B)Il + op(1)
= OP(1)7

by max;<;<7 |[Tpir — 1| = 1+ 0p(1) and an UWL. Hence Qr(B) — Q(B)| = op(1) as |Wy — W|| = op(1). Thus the
result follows by Theorem 2.1. Hl
Proof of Theorem 4.6: The first order criteria yield \/T@’TWTgT(B) = 0 where Gy = 8§T(,§)/85’. Hence by a

Taylor expansion A . ) 3
VTG Wrgr(Bo) + GpWrGrVT(3 — Bo) =0,

where Gp = agT(B)/aﬁ' where £ is in a line joining 3 and Bo. Solving for \/T(B — Bo) we obtain
VT(B—pBo) = —(GpWrGy) '"VTGWrgr(Bo) (A2)
= —(GrWrGp) T G Wr{[GEGE' QT 25(B0) + 0p(1)}

by Lemma A.2. But by Lemma A.1 of Smith (2011) we have G7 = G+op(1), G = G+op(1j. And since Wp = W +o0p(1)
and TY/2§(Bp) = Op(1). Thus

VT(B—60) = —(GWE) 'GWGEEFQTY25(80) + op(1)
SG'Q™ITY24(80) + 0p(1)

which corresponds to the asymptotic representation of the efficient GMM estimator (see for instance Hall, 2005, p. 70 eq
3.26 with Wr = Q1)

A.2.2 Restricted models

For notational convenience we now define the restricted GEL estimator in a slightly different but equivalent manner to
what is done in sub-section 4.2.6. Let

Pa0e) = 3 [ O)]/k) — pol,
Po(B,9) = Po((8,0),¢)= %Z;[p([w'hm(ﬁ)]/kz) = pol,
Pa@om) = =3 [l b (6) + w'r(6))/k2) ~ pol,

t—1
where 0 = (8,7"), h%(z1,0) = (9(2t,8) , a(z, 8) — '), hip(0) = i Zs:t—T k(g)h®(21,0), t = 1,..,T. Let Oy =
{0=(8,7") :a(B) =0,y =0}, thus ©r = By x {0}. Let A = {¢: |l¢|| < D(T/SF)"}.
Let
(), 1(0)") = argmax P (0,¢,4).
PEAT,uERS
Note that ¢(0) can also be defined as ~
p(0) = argmaxPy (0,¢), 0 € O,
pEAT
and

>
S
|

argminP, (0, ¢(6))
0cO,

= argminPy (6, ¢(0), u(6))
0cO,.
and let ¢ = @(0r), fir = p(fr).
We note that ér = S1Br where

67, = argmin sup P, (/87 90)
BeEB; pEAT

and S7 is a matrix such that Slﬁr = (B;,ngl)’.
The following Theorem provides a convenient asymptotic representation of the restricted GEL estimator and corre-
sponding Lagrange multiplier.

[26]



Theorem A.1 If Assumptions 2.4, 2.6, 4.6, 4.7 and 4.8 are satisfied B, 2> Bo and G 2 0, fir = 0. Moreover, ||¢r|| =
Op[(T/53) 712, llurll = Op[(T/53)~1/2],

S1VT (Br - 50)

VTG,
St
where P. ==~1 —2-1DS;[A — AR [RAR'|"! RA|D'E~L.

—[A — AR' [RAR'] "' RAID'E~"VThz (o) + op(1),

= 7PT\/TiLT(,30) +op(1),

Proof: Let k = 1/ks. The first order conditions are
k— Zt L LB e (Be))hiip (Br,0) =0, (A:3)
k; thl pr(k(@har (Br))r(Br,0) = 0,
k2 S o1 BO)Der (Br)'or + BB = 0,

where DzT(G) = 0h{.(0)/06’ and R(P) = 0. Note that 7(Br,0) = 0. Similarly to Theorem 2.5 we have 3, — B0, ¢r - 0
and ||¢r|| = [(T/52 )71/2]. Therefore

max; <i<r |p1<k<¢;h§T(Br, 0))) +1| % 0. Thus

1 T X« . X« R
k14 op (D ST Der (B, 0+ B(Br, 0 fir =0
as % Zf:l Dyr(Br,0)’ & D by a UWL and ¢, > 0 and we have
(B + o0p(1))itr = 0p(1)

and consequently as rank(R) = r + s we must have fi 2 0.
Note also that ||@r | = Op[(T/S2)~1/2] hence

(R + op(1)far = Op[(T/S3) 73]

and consequently fi, = Op[(T/S%)*l/Q].
Now a first order Taylor expansion of the Ifs of (A.3) around ¢, = 0 gives

1 T B A . I
—k— Z hr (Br) + = 32, p2(6( @i (Br, 0))hur (Br)her (Br)'ér = 0, (A.4)
where @, is in a line joining ¢, and 0. Now note that by a Taylor expansion we have
her(Br) = her (o) + Der (B)S1 (Br — Fo ) (A.5)

where f3, lies in a line joining 3, and Bo. Replacing (A.5) in (A.4) yields

kg S her(80) — ki Yo Der(Br)s: (Br )

ST

+ 83 e @l (B))her (Br)her (Br)' oo

Now as fi’. = Op(S7/VT), ¢r = Op(Sr/VT), VT(Br — Bo) = Op(1) (which is a consequence of the fact that

“hT(,ér) = Op(T~/2) by Theorem 2.2 of Smith (2011) and assumption (4.8)) and max;<;<T ‘pg (k(@Lhyr(Br))) + 1| we
have by a UWL and continuity of R()
T T
Dlﬁ@r + Rliﬂr = op(1)
St St
: VT,
VTh(80) + DSIVT (Br — Bo) +E VI%r _ o),
St

RVTS1(Br — Bo) = op(1).
Multiply the first equation by RA, where A = [D’E~1D]~!, and solving for fi, we obtain

T _ T
£Mr = — [RAR] RAD’£¢T + 0p(1).
ST ST
Replacing it in the first equation yields
T _ T
D’£¢>r —R'[RAR']! RAD’£¢T = op(1)
ST ST

[27]



and multiplying both sides by A we have
VT _ T
AD' Y=g, — AR [RAR'] ™! rap YLy, — op(1),
St St

which is equivalent to

@r = op(1).

[A — AR’ [RAR'] "' RAD' vT
St
Consider now
VTér
St

VThr(B0) + DSIVT (B, — o) +E = op(1).
Multiplying both sides by [A — AR’ [RAR']"! RA]D’E~! we obtain
[A — AR' [RAR'] "' RAID'E='VThr(Bo)

+[A — AR [RAR] "' RA|D'E"'DSiVT (B,« - 50) = op(1).

Now

RA(D)E™'DSIVT (B, = o) = RSVT (Br — Bo) = RVT (B, = o) = 0p(1).

Hence we have

S$VT (,3 - 50) = —[A — AR/ [RAR'] "' RAID'E~"V/Thz(Bo) + 0p(1). (A.6)
Additionally note that
. . VTér
\/ThT(ﬁo)JrDSl\/T(Br*ﬂo) +E =op(1),
T
and replacing (A.6) in this equation and solving for VT, /St yields
\/T Ar —_— 7 A
= —= ' WThe(80) + DSVT (B~ o )]
T

= —E'WThr(Bo) — DSi[A — AR' [RAR'] ™" RA}(D)'E~'"VThr(Bo).]
= [-E"'4+E7'DSi[A — AR [RAR'] ' RAID'E"YVTher (Bo).

Let A
- pi([@rher(0:)]/k2)

ST o (B her (Br) k)

=1,...,

Lemma A.3 If Assumptions 2.4, 2.6, 2.7 and 2.8 are satisfied, then T7; = 1+ op(1) and

Sp ., T2 ST)
)

TV2( = 1/T) = i ——6r(1/ka + 0p(1)) + O
T

uniformly t =1,...,T.

Proof: This is similar to the proof of Lemma A.1 H
Let @r = 35| Frwer.
Lemma A.4 Under assumptions 2.4, 2.6, 4.6, 4.7 and 4.8 and A.1
T .
VT, =T~/ Zt—1 wt = J0PTT1/2h(60) + op(1),

% Elwhi—s(Bo)'], Pr = 2-1 — E-1DSi[A — AR/ [RAR']~' RAJD'E~1. Additionally if wi = h(zt, Bo)

S=—00

where Jg =
we have

VTi@, = DS1[A — AR' [RAR'] " RA]D'E~Y|VTh(Bo) + op(1).

Proof: Note that by Lemma A.3
_ T
TI/Q'UJT = Tl/2 Zt:l Tt WeT

1/2N~7T T Sy, TY?. St
T >, wer/T+ thl[?ht:rg%(k +op(1) + Op(—)Jwer

T S T ., T2 T S
TR e+ o 3, werhig g e (bt 0p (L) + 37, werOp(Z0)-

[28]



Now by Theorem A.1 we have

T1/2
= T Pi(Bo) + 0p(1).
ST
Thus
T2 = I w4 25 ST gl T2 Po(Bo) + op(D](k + 0p(1)
r = =1 tT =1 tTItT [ 0 P P
S
+ 30 wirOp(25))

where hr(8) = % Zle Zs 1 k((s/ST)ht—s(B), and her = her(B). Now note that as in Lemma A.2 of Smith
(2011) we have

Tﬁl/ZZthlth = T71/2Zz“:1wt+op(T—1/2)7
TV 2hp(B) = T1/2Z he(Bo) + Op(T~1/?),
and
S w0, (2 = 0y 2T w4 0,12
t=1 T Tl/2 t=1
= op(1).

By a similar argument arguments of the proof of Lemma A3 of Smith (2011) we have

St T ~
?k‘ Zt:l thhiT = Jo + 0p(1),

where Jp = Y22 Elwihi—s(Bo)']. Thus

VT, =T71/? Zil wi — JoPy T 2h(Bo) + op(1).
Now note that if w; = h(z¢, Bo) we have T—1/2 231:1 wi = TY/2h(Bo) and Jo = E and hence
7-1/2 ZtT:l wy — JoPrTY2h(Bo) = DS1[A — AR' [RAR'] ™" RAID'E~|VTh(Bo) + op(1).
|

A.3 Proofs of the results in sub-section 3 and auxiliary Lemmata on the
weighted kernel block bootstrap method

In this Appendix we present bootstrap LLN, CLT and UWL that are required to prove the results.
Proof of Theorem 3.1: Let

@T = Y + (ST/k2)1/2(}/;ﬁT - ?)7 (t = 17"'7T)7
q:T = ?JF (ST/k2)1/2()/t§“ - S}) (t = 1”"7mT)a
and
io= X aree =3 Yo+ (Sr/k)V2 Y0 (s — i)
= oy BTPET ity Y PET T L T
= Y,
pu _ mT
T = Zt 1‘ItT/m'T
Thus

VIr(@ =) = mr((S7/k) (Y =)
= /T/ka(Y* —Y).
and consequently
PAVT/ka (Y = Y) < a} = P*{Vmr (@} — ) < «},

where Y* = ﬁ z;nTl Y. The result is proven if we are able to show the following steps:. Step 1: X 2o Step 2:

TY2X /ooo A N(0,1). Step 3: SUPxeR |’P{T1/2X <2} — ®(x/000)| — 0, where ®(-) is the c.d.f. of the standard normal
distribution. Step 4: mpvar*[§5] 2 62 . Step 5:
> 5} =0.

vmr(§* —§°)
P* {W <z} - ®(z)

— z€ER

Thm P {sup

[29]



STEP 1: Follows from the ergodic theorem (Theorem 3.34 of White, 1999).
STEP 2: By White (1999, Theorem 5.20).

STEP 3: From Step 2 and the Polya Theorem, Serfling (2002, p.18), as ®(+) is a continuous c.d.f.
STEP 4: To prove this note that

E*(¢ir) = E*(Y + (Sr/k2)'/?(Yiz - Y) =Y

and
var*(gjp) = var'(Y + (St/k2)!/?(YVir - )
= Sp/kavar*(Y;})
S T -
= ?Z thl(YtT - Y)?pir
_ ST T 2 ST =9
=y 2o Yerper = Y
_ ST 1 T 9 ST
= e T 2 VTR + On(p)
_ ST 1 T 9 ST
= T 2 Yir(1+0p(1)) + Op(—1)
= O-c2>o + OT—’(]')a
as max |Tpyr| 2 1 and the fact that ¥ = Op(ﬁ) and Lemma A.3 of Smith (2011).
STEP 5: Since the bootstrap sample observations are independent, we can apply Berry-Esséen inequality. Thus
ko~ * e
sup | P* VmT(q . Q) < :E} _ (I)(x) < ¢ E* |th q | )3}
reb | Narlymrg) /2 mi2 art g ]2

C *®[ ok 1— * * ~
= —pvar'lairl P lair — ).
mr

Note that var*[g/] = 02, + op(1) and that

T
Elgir —al’l = >, laer —a #e.
- T 12 A
< max laer — 4l thl lger — @I 7.
Now
S 1/2 5
mtaX|QtT —-ql = O(SY )m?X‘YtT - Y‘
= 0,(57/°TY*)
by Lemma A.1 of Smith (2011) and M with o > max(4v, 1/7).
Hence Lo
B*llafr — al°] = Op(SyT"/*).
Thus
C - 1/270— 1/2
— B g —aP) = SYPTTV20,(s/7 1Y)
mp
— O(STTl/a—1/2) —
O(T/* Moy (1) (A7)
since St = O(T'/2="). Now as o > max(4v, 1/n) > 1/1 we have 1/a < 1 and the result follows as var*[q/7] = 02, +op(1).
|

Assumption A.2 (a) E[|||X:][|*"] < co; (b) Seo = limp_, o var[TY/2X] is finite and positive definite.

Theorem A.2 Let Assumptions 2.4, 2.5 and A.2 be satisfied. If E[X¢] =0 mp =T/Sr, then

T— o0 z€Rd

lim P{ sup ‘P*{T1/2 (V" -7) <ap-P{T'/2% < x}) > 5} =o.



Proof of Theorem A.2: Let q;1, q;p, ¢ and G* defined as in the proof of Theorem 3.1. The result is proven if
we are able to show the following steps; cf. Politis and Romano (1992b, Proof of Theorem 2). Step 1: X 2. Step 2:

T1/22;3/2X A N(0,1). Step 3: sup,cp "p{Tl/2X <z} - @d(zgj/zx)‘ — 0, where ®4(-) is the c.d.f. of the standard

d-variate normal distribution. Step 4: Twvar*[§*] & eo. Step 5

lim 'P{ sup

T—o0 2R

P {var*(§*] V2@ — @) < @} - ®al@)| > 5} —o0.

The proofs of results 1-4 are analogous to the proofs of results 1-4 in Theorem 3.1 As pointed out by Cattaneo et al.
(2010) to prove 5 we need to show that
> a} =0.

where Ag = {A € R : XA =1}. Let Ay = {A € R?: XA < 1} and note that Aq C Ag.
Given the sample, the bootstrap observations are independent. Hence we can apply Berry-Esséen inequality. Thus

12 N(@ -4 < 2} — o)

P {mf ———F—= <
T var*[Ngrp]1/2

T—o0 AeAg z€R

lim 73{ sup sup

* 1/2 )\/(F]‘*f)\/f]' . )‘/|qIT7(’]~| .
sup sup |P*{m /" ——— " _ < z]—®(z < sup
AEAq ER tme var* [N g p]t/2 I-2@ reAg mil? [(var*[,\/qIT]l/z) ]
C . 3 i} s
= sup ﬁvar [A/qi‘T] 3/2p [|)\/q>1kT _)\/q| }
A€Ag M
C Sl/2 .
< su T B* )\/ * >\I~ )
= infyea, var*[Ngi,]3/2 Aezlx)d T1/2 [[Nair ql°]
Now for fixed A we have
Sjlﬂ s s Sr}/2 _— , i,
Ti2P ([Nair = NG| = mfztzll)‘q”_)“ﬂ

= op(1)
asin A.7. Since Ay is a is compact and convex and since \|3 is a convex function we can apply Pollard (1991,p.187) Convexity
Lemma to strength pointwise convergence to uniform convergence and therefore SUPxea, S;/QT—l/QE* [|)\'qu — X[j|3] =

op(1), using also the fact that E[supyca, N X %] < B[||| X¢]|**] < A by CS.
Additionally, by Lemma A.3 of Smith (2011) we have

. 1 T ’ 712 _ . / 1 T ~ 7
AIEHI{‘d T thl |Nair —Ng|” = Alenlfd A (T thl(QtT = @) (g — ')A

)\ien/{d N Yoo + 0p(1) = )\ien[fd NQPQ'\ + op(1)

inf \'P 1 ; 1
)\lenAdA >‘+Op( )>pm1n+op( )

where P is a diagonal matrix of eigenvectors of Y and @ is the corresponding orthonormal matrix of eigenvectors and
Pmin > 0 is the smallest eigenvalue of P. Hence the result follows.

Let Y = % ST Yirand YV =37 Yirpir

Assumption A.3 (a) The finite dimensional stochastic process {X;}io, is stationary and ergodic; (b) E[|X:|"] < oo
for some T > 1; (c) TY7 /mp = o(1).

Lemma A.5 Let the both A.3, 3.2, 3.3 (a), Then

Y*—Y — 0, prob-P*, prob-P, (A.8)
Y*—Y — 0, prob-P*, prob-P (A.9)

[31]



Proof: If we prove (A.9), (A.8) follows from this result and the fact that

_ ~ 1 T T

v -7 = ';merzmmm
1 T
‘? Zt:l Yir (1 — Tper)

1

< ‘f S Vir

by the ergodic theorem and the fact that [max |Tpir| =14 op(1). First note that
St<

mfax|1 — Tper| 20

LRI D DU e DU (s e
S ) F-D DN =D DY e
SRR NES DU DU e ibe
- (1+op(1))%zf ézjzlk(%)xj
SRERNUIES DS il Lj)'w

1 T 1
R IOED DN F=D DN

by Smith (2011, equation, (A.4) we have

=)
1 T—j s
& | =0

T

uniformly in j. Also by the ergodic theorem (White, 1999, Theorem 2.34) Z - |X;| /T = Op(1). Thus E*[
j=

In addition by T

T X T
thl [Yir|#: — thl Yir| perI(1Yer| < dmr)

Yip|l = Op(1).

1 T
< (top() 7 Do, Yer|1(Yer| > mr)

IN

1 T
(L4 0p(1) 5 D7, Yir| maxI(|Yir| > émr)
Now by M
max |Ver| = O(1) max | X,| = Op(TY 7).
Since T/ /mp = o(1) it follows that max; I(|Yir| > dmr) = op(1). Thus

= Z [Yer|I(|Yer| = dmr) = op(1).
The remaining part of the proof is 51m11ar to the proof of Khinchine’s weak law of large numbers given in Rao (2002).
Define a pair of new random variables for each T, (t = 1,...,mr),
Wir = Y, Zir =0if Y| < dmr,
Wer 0, Zyp = Y if |Yp| > dmyp.

Hence Y7, = Wyr + Zyr. Define
pr = E'[Wr]
= Zt | perYer[[Yer| < dmr].

Note that ¥ = E*[ |Y } ] and ‘Y MT‘ < € for any € > 0 and T large enough. The latter claim holds since by T

T T
‘thl perYerI{lwer| < émr] — thl perYir

< @ +op(1)); thl Yir| I(|Yer| > 6mr)
= op(1).
Now

var* (W] = B*[Wi] — p7 < E* (W] < smpE*[[Wir|].

Thus, writing W = Z:ﬁ Wy /mr, using C,

_ ar™ [W,
'P*{|W—MT} > 5}S%m;ﬂ
_ SEWerl)
< -2
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Hence, since ‘f" - ,LLT‘ < ¢ for any € > 0 and T large enough,

SE*[|W,
> 2} < M (A.10)
€
Now by M it follows that
PAZr # 0} =PH|Yip| = dmr}
1 4
< GBIV 2 fmal) <
m mr
w.p.a. To see this, as E*[]Y, *T|] = Op(1), it follows that E*[|Y, ’}! I[|Y%:| > dmr]] = op(1). Thus, we can always choose a

constant §2 such that for T large enough E*[ | ?l I | ’H > émy]] < 62 w.p.a.l. Write Z = Z Zyr/mr. Note that
P*{Z # 0}<P* {max Z,p # 0} (A.11)

myp .
< E P {Zir #0} < 6.
From egs. (A.10) and (A.11)

*—f/‘ > e} = 7| > 41
< +1|Z| > 4}
< > 2} + PH{|Z] > 2¢}
< 6E*[|€‘;VtT|] +P{|Z] £ 0} = 6E*[L?/tT|] y
Now choose & small enough. As E*[|[Wyr|] < E*[|Y%:|] = Op(1), the result follows from M. |

The following Theorem is due to Ranga Rao [see Wooldridge, 1994]

Theorem A.3 Let © C RP, let {X: € X:t=1,2,...,} be a sequence of stationary and ergodic m x 1 random wvectors
with and let fi : X x © — R be a real valued function. Assume that (a) © is compact., (b) for each 6, f(.,0) is measurable
and for each X; € X, f(x¢,.) is continuous on ©; (c) E [supgce | f(Xt,0)|] < oo then

1 T
sup | 2371 10X0.0) ~ EFCEL0)]| = 00,

The following Lemma corresponds to a weak uniform law of large numbers for kernel block bootstrapped sequences.

Lemma A.6 Let {X; € X:t=1,2,..,} be a sequence of stationary and ergodic m X 1 random vectors and let

1

ar(®) = 5= 3, HG)e(Xis,0) (A.12)

and consider the sample qu7(0), (t = 1,...,T). Draw a random sample of size mp with replacement from q.r(0), (t =

., T) , to obtain the bootstrap sample qj(0), (t = 1,...,m7) where P(qj;(0) = qt7(0)) = per for s = 1,...,mr and
t=1,..,T. Assume that 3.2, 8.3 (a) hold and that : (a) Bootstrap Pointwise Weak Law of Large Numbers. for each
fixedd € © CRP, © a compact set,

— Z L er (0 Zt | 47 (Xe,0)pyr — 0, prob-P*, prob-P;

(b) Uniform Convergence:

e, T
Sgg‘thZIQtT Zt L9 Xtﬁ)‘ﬁo
E[sup |g(X¢,0)|] <

6co

(c) or each 0, g(.,0) is measurable and for each z¢ € X, g(xt,.) is continuous on ©. Then, as mp — oo and Sy =
op(T/?), for any § >0 and £ > 0

. « 1 T
Aim P{P {ggp '7 Zt L 4ir(0) — thlg(Xtﬁ)‘ > 6} >¢£}=0,

Jim PP Gsup [ ST )~ X ar@per| > 5> € =0,

0e€®
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Proof: First write

Ap =P*{sup
0€cOe

1 mrp 1 T
e thl a7 (0) — T thl 9(X¢,0)| > 0}

and by M P{Ar > §} < 6 'E[Ar]. Note that the Lebesgue convergence theorem is valid for sequences that converge in
probability by Proposition 20 of Royden (1988, p.96.). Therefore as Ar < 1 the result follows from this theorem if we

show that Ap EN)
The proof is similar to the proof of a standard UWL (eg. Amemya, 1985).First note that

1 mp 1 T 1 mp T
‘miT Zt:l 4 (9) — T thl 9(Xe, ‘9)’ < ‘miT Zz:1 a7 (0) — thl qer (0)per
1 T T
LESSIORD SR On
and that
1 T T 1 T 1 T
sup | thl 9(Xz,0) — thl ar(@)pir| < sup | thl 9(Xe,0) — thl th(e)'
1 T 1 T
+sup ‘ T Zt:I ar(O)Tper — Zt:I th(G)’ :
By Smith (Lemma A.1, 2004) we have
1 T 1 T
sup 7>, 9K~ 5>, thw)‘ = op(1). (A-13)
Also
LS o) LS o) < LS Tper — 1
sup T2 wrOTpr — =30 ar(®)| < sup T2, @1 () max (Tper — 1]
= op(1)
since 1 1
T T
sup | 1577 aer®) < 01 32 sup la(er. 0)] = Oy)

by the ergodic theorem ergodic theorem (White, 1999, Theorem 2.34) and the fact that max;<;<7 [Tps7| = 1 + 0p(1).We
lim P{P*{sup >4} > €& =0.
T— o0

prove now that
1 mro o, T
— 0) — 0
beo | mr thl a7 (9) thl aer (0)per

Since © is compact it follows that there is a finite number of 0’s for instance 61, 02, ..., 0,5 such that © C (-, I'(6;,9)
where I'(0;, ) is an open ball with center ; and radius é. Thus

* 1 mr T
Poup |- 3 a0 = X0, ar@pr| > 9} <
‘U BRI
P {Ui:l 96?1(191::,5) mr Ztil th(G) Zt:l th(Q)ptT > 5} S
ns * 1 mr 7 T
Zi:l P {06?1(1012,5) mp Zt:l a7 () thl arO)per| > 6}
Now
1 mr T
P* sup —_— q* 9 _ g 0 » S 5 S
{061"(91-,6) mr Zt:l ir(0) thl v (0)per }
ol 1 —mr - 5
P mr Zt:1 e (0i) — thl qer (0:)per| > g}
1 mr 1 mp 5
+P{ sup (= 3" g (0) - — S i (6 > 5}
0er(0;,8) | mr Zt=1 ¢r mr Zz:1 tT 3
T - s
73{051(156) > ar@pr =0, ar@)pr| > 5}
BLT + BQ,T + BS,TA
Now
1 mr T
mp Zt:l g (0:) = thl perqer(0i)| = oB(1)

by the KBB Law of large numbers. Thus By 7 = op(1).
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By M

1 mT 1 mr 5
P*{ sup |— @ (0) — — a0 > 2
{eer(e,;,a) mp Zt:1 i ( mr thl v (0 3}
< §E*[ sup LZmT @ (0)_LZmT a0
=6 ger(o; ) |mp c=t=1"1T g 2=y Wi

31 my
< —-— E*[ sup |¢ir(0) — qir(0;
5y 2 B, suplair(©) — air(60)]

1 T
= - per sup g (0) — qer(0;
52 P pSip laer (6) — aur (60)]

11 T
= 5T 2y IPeT = laer (0) — qer (65)]
11 T
=1 +o0p(1)) 5 sup |gqer(0) — g (0:)],
s Zf:l 0€T(0;,5) ' !

where the second inequality follows from T. But by M

P, swp lar(®) —ar@) > 9 < — 3" B( sw ar(®) - ar(6))

S
=1 0er(0:.9) €T 0€T(6;,6)
also
1 t—1 s
sup [gr(0) —aqr(09)] = sup | k() (9(Xems,0) = 9(Xi—s,0;
pSp e () —ar@] = s (ot 3 k() 0K, 6) = o )
1 t—1 s

< = — sup 9(Xi—s,0) — g(Xi—s,0;

St s=t—T (ST) 0ET(6;,9) ‘( ( 1)‘

by T. Now taking expectations we have

1 t—1 s
E[— k(— sup g(xt—s,0) — g(xi—s,0;
(G s M| oo | (6o 8) = oo 0]
1 t—1 s
= o k()| E 7'70 - 7'?91'
57 X M| B s (o 0) = ot 0]

t—1 . . .
and % Zszth ’k(%)’ < C, E[supger(g,,s) |(9(x1—s,0) — g(zt—s,0i)|]] — O by as g(X¢—s,0) is continuous and domi-
nated convergence as § — 0. Consequently we have

1 T 1 T 1 t—1 s

7B g @ —an0) <R30 g S k|
= o(1).
Thus By 7 = o0p(1).
Finally
Byr = sup Zf_lmqn(e)—Zf_lmqn(en)‘ngT_ Tper  sup |gpr(0) — qur (07)
0€T(0;,5) = = T ~—t=1 0€T(0;,5)

IN

A+o,(MN=S"  sup g (0) — aur(0))]

S
T “—t=1 gcr(9;,6)

by T and the result follows as above.
The second result follows from the first and (A.13) and (A.14).
|

Lemma A.7 Let {X: € X:t=1,2,...,} be a sequence of stationary and ergodic m x 1 random vectors and let

1

= 5 Do Mg )oK, 0) (A.14)

q:7(0) 5y

and consider the sample q.7(0), (t = 1,...,T). Draw a random sample of size mp with replacement from q.7(0), (t =
1,..,T) , to obtain the bootstrap sample q}(8), (t = 1,...,mq) where P(qj1(8) = q:7(0)) = per for s = 1,...,mp and
t=1,...,T. Assume that 3.2, 3.3 (a) hold and that : (a) Bootstrap Pointwise Weak Law of Large Numbers. for ,

1 mr T .
o >, 4ir(00) =Y air(6o)pir — 0, prob-P*, prob-P;
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(b) E[supgep |9(X¢,0)|] < A where N is a neighbourhood of 0o. (c) or each 0, g(.,0) is measurable and for each x¢ € X,
g(z¢,.) is continuous on ©. Then,
1

T P
sup | D, 9(Xe0) — E[g(Xt,G)}‘ =0

and as mp — oo and ST = op(T1/2) for any § >0 and £ >0

> §}>€1=0,

T— o0

mp T
Jim PP sup | LS i)~ 32 aer @

Jim_ PP {sup ‘721”1%(9) ;z;g(xt,e)‘ > s} >eh=o.

Proof: Let N =T'(0g,d), where I'(6p, §) is an open ball with center 6y and radius 4. First note that

1 T 1 1 T
sup — 9(Xt,0) — E[g(X¢,0 ‘ < sup — g - = 9(Xt, 00
0€T'(09,9) TZt:l ( )~ Elol ! 0€T'(09,5) Tzf 90 0) TZt:l ( )
1 T
T thl 9(Xt,00) — E[g(X¢, 00)]
+ sup |E[g(X¢,00)] — E[g(Xt, 0)]|
SN
PL s |30 g(x0,0) 2 3 g(X00)[} > e < B[ sup g(X2,6) — (X, 00)]
p ty — t, V0 > - ty - t, U0
0€T(00,8) t=1 T —~t=1 € 9er(6o,8)
Now by T

E[ sup [g(X¢,0) —g(X¢t,600)|] <2E[ sup [g(Xy,0)]]
0€T'(0p,6) 0T (0p,8)

Thus by the Dominated convergence theorem and continuity of g(X¢,0) thus as § — 0 we have

lim B[ sup |g(X¢,0) — g(X¢,00)]] = 0.
=0 “ger(6y,5)

Let us consider now

1 T
LY ar0) - L oxn] 2o

sup
0€T(00,0)
Note that
1 T 1 1 T
sup — qir(0) — = g(X¢, ' < sup - g(X¢,0 7EgXt,9‘+
0€T(80,8) th=1 vr (6) th L 9(Xe,0) 7 thzl (X, 0) — Elg( )]
1 T
sup 25T 0 (0) - Ela(x..0)]
6ET(00.6) T Dt @
= Ajr+AsT.

The proofs that Ay 7 2,0 was proven before and the proof that Ay 7 2, 0 is identical to the proof of Lemma A.1 of

Smith (2011) [and uses the fact that A; ¢ 20
We prove now that

1 mrp T N
hmoo P{P* {esgj;\)/ oy Zt:l q;r(0) — Zt:l @7 (0)per| > 6} > £} =0.
Note that
1 mp T
P*{ sup |— qi7(0) — qir(0)pir| > 0} <
{eer(eo,a) mr 2y O =3, ar @ ;
" 1 mp
P{ Ezt:1 th(Go)—Zt 1QtT(eo)ptT > }
1 mp é
+P*{ sup |— ar -— q;r(00)| > =}
2 o 2 % Z ir(00)| > ¢
T o
P O)per — 0 > 2
{965391;’5) Zt Lar@Oper =32 ar(@o)pir)| > S}
Cir+Cor +C3 1.
Now
mr
’me thl ) *Zt  perarr (00)| = opB(1)

[36]



by the KBB Law of large numbers. Thus Ci 7 = 0p(1).

By M
1 mr 1 mr )
P*{ sup |— qip(0) — — a7 (6o)| > 3}
0€r(00,6) | MT Zt:l o mrp Zt:l o 3
3 1 mr
<3E ] swp |= 0) — —— 5" gz(600)]]
7L | 2 i Z i
31 MT * *
<5 — E*[ sup |gir(6) — ¢ir(6o)l]

dmp “=t=1 " “ger(gy,6)

3T
=52 P et |9¢7(8) = aer (60)]

31 T
5T thl ptT 9515?9{)3,6) lgrT(0) — g (60)|

11 T
=(1 Ms=> 0) — 7 (6
Atop(W)s72.,, I 8 lgi(0) — gir(00)],

where the second inequality follows from T. But

P, sup () = ar@)| >0 < 3 E( sup laer(®) - ar(60))

T —t=1 per(60,5) T 0€T(89,9)
also
lge7(0) — qe7 (69)] S HG (0K 0) — oK 0)
sup atT — qtr\Vi = sup = t—sy —4g t—s, 00
6€T(00,6) ' e 0eT(00,6) | ST s=t-T
1 t—1 s
< (z)| sup  |(9(Xi—s,0) — g(Xt—s,60)]
St s=t—T St 0€T(00,5) s s

by T. Now taking expectations we have

E* sup |(g(zt—s,0) — g(xt—s,00

5 e M| s | 16ta0) gt 00
1 t—1 s

= —)|E[ sup g(ri—s,0) —g(xi—s,00
Sp —s=t=-T ST) [9er(90,5)|( (= )~ ol )

and = Z T )k )‘ < C, E[supger(gy,s) [(9(zt—s,0) — g(t—s,00)]] — 0 as g(X¢—s,0) is continuous and dominated

convergence as § — 0. Consequently we have

1 T 1 T 1 t—1 s

— E 0) — (% = — —_— k(—

T =1 (Gelﬁ?fg,é) lqer ( ) qer (60)|) T t=1 5 smt—T (ST)‘f
= o(1).

Thus the result follows.
The second result follows from the fact that

1 mr 1 T 1 mp T
sup |— gXt,G)‘ < sup |— qir(0) — ar (0)per
0€r(69,5) mTZ =1 ar(®) - Tzfil ( 0€r(6y,8) | MT Zt:l ir(©) Zf:l e (@)
1 T T
+ sup | 9(Xt,0) — arr (O)pir| -
0€T(60,5) TZt:l Zt:l ! '

The first term of the RHS was shown to converge to zero

1 T 1 T

sup |— 9(Xt,0) — ar (O)per| < sup |- atr(0) — qer (0)per

6€T'(09,6) th 1 Zt:l k ‘ 0€T(09,5) TZtZI ¢ Zt 17t t
1 1 T
o (L5 w50~ 25 )
0€T(99,5) th , 9(Xe:6) thzl er(
1 T

< =D D th(G)' (max |1 —Tpyr| + op(1).

sup
0er(09,8) | T’

As Ay v+ Agp £ 0. Now SUPger(6y,8) % Z?:l th(G)’ = Op(1) and max;<;<7 |1 — Tpir| = 0p(1). Hence the result
follows. H
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Lemma A.8 If the finite dimensional stochastic process {Xi}io, satisfy assumptions 8.1, 2.5 and 3.8 (a) hold and if
my =T/Sr, and St = o(T*/?) and if E[X:] =0,

i St mr .o ST
* * _PT _
Jim PP Y 21 > o) >4 =0
ST mo 2 ST T 9 B
ko Zt:1 Yir - ko thl Yirper] > €) >8] =0.

Proof: The result is proved if we show that

ST mr 2 ST T 9
* * _ j—
P Doy il = e D Vil > ©) = 0p(D).

Note that

ST =T o St T T,
s Zt:l Yirper — Thy 2=t-1 Yir| = max |Tper — 1] Tkz thl Y|

Thus as % 23:1 YtZT’ = Op(1) by Lemma A.3 of Smith (2004, pA.4) and max;<;<7 |Tp¢T — 1| = 0p(1) by assumption.
Hence the result follows by T' if we show that
« St mr .o ST =T
e (|2 v - S Ve

My =1

> 6) = op(1).

The proof of this result is similar to that of Lemma B.2 of Gongalves and White (2004).First note that E* [Yﬁg] _
Zt 1 pe7 Y, Thus by M we have

P (
for some p > 1. Now

. ST mr o ST T
B Sy SIS v

myky “t=1 k2

ST ZmT *2,,ST Y2 PiT
mrks t=1"tT ko t=1 " tT

_ St mr St T
< PR * *2 2 p
> <) < B (S v - S pavi)

(——)"E*( IZ 7 —E [YEDIP)

mTk2
S *
B <<Z:’Z (Y72 — B* Vi) 2)P/)

for some C < oo by an extension of the Burkholder inequality due to White and Chen (1996, Lemma A.2) as (Y37 —
E* [Yt*TQD are i.i.d zero mean. But for 1 < p < 2 we have by the ¢, inequality (Davidson, 1994, p140) with r = p/2

* * * * ST * * * * /2
<mTk PENQII O — B D)) < (R ST R0 - B D)
— Sp E* (l(Y*Q _ E* [Y*2])|P)
- mp 1kp tT tT
SP * * |2
< WQPE (‘( vl p)
sy” 3
= 2PE* (|(Yir|
mlT/2k§/2 ( tr )
S2 T 3

82 g3/2 1 N~
_OT 5321 3
= T1/2k3/2 T > vy [Yer P Toer

St

1 T
= 1 23/2(1 }: 3
T1/2k§’/2 A+ opM7 2,y Werl

Tpyr — 1| % 1 and for p = 3/2. N te that
as 1Igntzaung| DT | =1 and for p / ow note tha

St 3 St T 2 1/
T t=1 Yir[” = T Zt:l [Yir| mtaX‘YtT' = 0p(T°'%)
by Lemma A.3 of Smith (2011) and by M. Thus
St 93/2 ST T 3 _ —n+1l/a
rrrag? o) S0 Warl? = 0,

Now note o > max(4v, 1/1) > 1/n, thus 7 > 1/a and the result follows W
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Lemma A.9 If the finite dimensional stochastic process {(Xi, Zs}io, is strictly stationary and ergodic and satisfy

d
E(X:|P) < A and E(|Zt|rpl) < A, for some 1 < p < 2 and d > 1 and if assumptions assumptions 2.5 and 3.3
hold and if mp =T/St and ST = 0(T1/2) then

ST MT % %
dim PP (2, YinZirl > TH?e) > ¢ =0,

1 t—1

where Zyp = 5 T k(g=)Zt—s,(t=1,...,T), and (Z} 1, ..., Z;%TT) is a bootstrap sample drawn from (Z17, ..., Z1T).

St

Proof: The proof is similar to the proof of Lemma B.2 of Gongalves and White (2004). First note that by M for some
1 < p <2 we have

St mr 1/2
* * *
P (lmiTZizl YirZirl > T'17e) < TP/2 “72 L YirZirl]
1 ST M o
<O g™ oy 2,2 YirZir =B i Zi )
m
+ pr/2 “*Z E* Y3 Zir]IP] = F1 + Fa
by ¢, inequality. Now
1
Fio= o LY Vi iy — B 2]
< 1 ﬁE*[(ZmT (‘Y* * 7E*[Y* VA ”)2);7/2]
- ePTP/2 mb 11 T4 14T
1 * * * * *
= Epr/z B (Y (Vi Zir — BT Y Zir )P ]
1 S; i
PTP/2 o TE Y rZirlP]

by an extension of the Burkholder inequality due to White and Chen (1996, Lemma A.2) and ¢, inequality with r = p/2.
Also

¢ ST MT s * * P
o= Epr/2 EZtZIE [YtTZtT]‘
St
e D e
C * * *
= s SH B Vi 2
< S SPE Y Zir )
by Jensen. Now
¢ eyt C =T
EPTP/2S§"E YerZirl'] = P Tp/2 S%Z Y|P Zir|P per
¢ p 1 P P
= ST S Yerl? | Zer P Toer
Y o T P 2
= e Sp(1+ 019(1))f Zt:l \Yor [P | Zor|
as maxj<i<7 |Tper — 1 1.
But by M and Holder Inequality
C 1 T C 1 T
P[T’Tpﬂ S:Z;f Zz:1 [Yir|P | Zir P > 6] < WSZ%E[? Zt:I Yo |P | Zer |P]
C 1 T
= sopea iy 2y, BlYer P 1 Zer ]
C p 1 T appl/a 2 (1—a)/a
sz S Dy ElYer )Y (B Zer| 4 ]) .



Now by T and Jensen inequalities

N 1 t—1 S @
BIMTIT] = Bllg D, g M) Xemel]
1 t—1 s
< E[(— R 1 Xe=s D)™
< [(ST Zszthl (ST)H =D
1 t—1
X Xi—s|
1 t—1 s 57 2ger (G Xe—s
= E[(— Sl h
g 2 MV e
St s=t—T St

L t-1 s 1 t—1 s
R _c ap—1_— 8 ap
= E[(ST Zs*t—T |k(5T ) Sr Zs:t—T ‘k(ST)I | Xt —s]|*"]

_ 1 ap—1 1 t—1 s ap
— (g D e S IR Xim|
1 t—1
= (=— E(=——)D*PA =001
D D)) o)
as E(]X¢|°?) is bounded . By the same reasoning E[|Z;r| 1a—pf~] = O(1). Thus the result follows since S7/T/2 = o(1). B

A.4 Proofs of the results in section 4.1

In this subsection of the appendix we take p;r = 1/T and consequently Assumption 3.3 (i) is automatically satisfied.
Assumption 3.3 (ii) follow from Lemma A.2 of Smith (2011).

Proof of Theorem 4.1: The result is proven if we show that the conditions of Lemma A.2 of Gongalves and White
(2004) are satisfied. Conditions (al), (a2) and (bl) and (b2) are satisfied by assumption 4.1 (i) and (iii) (see Jennrich,
1969, Lemma 2). Note that uniqueness of the minimum follows from Lemma 2.3 of Newey and MacFadden (1994). To

prove (a3) define Qo(8) = E[g(z¢, 8)]'WE[g(z¢, 8)] and note that as in the proof of Theorem 2.6 of Newey and MacFadden
(1994) using T and CS

Qr(8) = Qo) < 113(8) — Blg(ze, AIII* Wl
+2[[E[g(zt, )N 13(8) — Elg(zt, B [Wr |l
+|[Elg(ze, O Wz — W]
By the the Lemma A.3 we have supgep [1§(8) — Elg(2¢, B)]|| = op(1) Also by assumption |E[g(z¢, 8)]|| is bounded and
Wz — W[ = 0p(1).
It remains to prove (b3). By T and CS

1Q7(8) —Qr(B)l < 197(8) — aB)II* W71 +2113(8)Il 195(8) — a(B)II W]
+19BIIP W5 — W]
Now by Lemma A.6 we have supge g |34 (8) — 4(8)|| = op(1) also
sup [|9(B) < sup [|4(B) — Elg(z:, B)I| + sup [[E[g(z¢, B)]]]
BeB BEB BEB
= op(l)+C.
thus the result follows as ||W3 — Wr|| = op(1). |

Proof of Theorem 4.2: Let GA} = 8@;(3*)86' To prove asymptotic Normality notice that by the first order
conditions we have /T/ kzé}’ Wi _?]}(B *) = 0. Hence a first order Taylor expansion around B yields
VT koG Wig5(B) + GEWGaA/T/k2 (8" — ) = 0,
where G~} = agT(B*)aﬁ' and B* is on a line joining 3 and B*. Solving for \/T/k2(B8* — B) we obtain
VT/ka(B* = B) = ~[GT WG] T /kaGYWidT(B).
By a Taylor expansion we have
VT/k2GT Wi g7 (B) = /T k2 GF Wi g7 (Bo) + V/T/ka G W1 G(B = fo)
= VT/k:GEWi[57(Bo) — g7(B0)] + VT /k2GFWigr (Bo) + /T/k2 G W3 GH(B — o),

where G} = 8@}(5’)6,8/ and 3 is on a line joining B and So.
‘We prove now that

VT [k2GHEWEg7(Bo) + T/ ka GF WG (B — Bo) = op(1).
Note that by the first order conditions of the original GMM problem we have

VT(B — Bo) = —[GrWrGr) /T /kaGirWr g (Bo),

[40]



where G = 8@71(5)6,@ and §3 is on a line joining B and Bg. Thus
VT [kaGFWigr(Bo) + VT /kaGF W7 G5(5 — Bo)
. N A w71 .
= (G3Wi — GYWiGy [GypWrG | GRWrl VT kagr (Bo).

Wr + op(1), Wp = W 4 0,(1), also by the bootstrap uniform convergence Lemma A.7
consistency of 8* and f, @*T — G = op(1), G — G = op(1), Gr — G = 0p(1), Gr — G = 0p(1) and by the CLT of
Wooldridge and White (Theorem 5.20 of White ,1999) T/kagr(Bo) = O(1).

Now /T /k22G%5 W35 (Bo) —dr (Bo)] converges to N (0, (G'WG) ~1G'WQW G(G'WG)~1) by bootstrap CLT Theorem

A.2 and the fact that Gi} — G =o0p(1) and W = W + op(1). The result follows as the /T /ks(3* — 3) converges to the
same asymptotic distribution of T1/2(/3’ — Bo) and by Polya Theorem, Serfling (2002, p.18), as ®(-) is a continuous c.d.f..
|

Now by Assumption Wy

Proof of Lemma 4.1: We use the same strategy of the proof of Theorem 4.1 of Gongalves and White (2004). First
consider the unfeasible estimator of € :

A S
Q" (Bo) = mTTk2 > g (Bo)gi (Bo)-
Fix any A € R™. Now
. S
NQ* (o)A mTT,Q > N gi (Bo)gi (Bo)' A

DIMNCTHENE

Now applying Lemma A.8 with X = XN g¢(Bo) and pyr = 1/T, t = 1,..., T it follows that

ST ST (gt (80)) — o3 (Nger(B0))? = o ()

mrka t=1 Tko
and by Smith (2011) Lemma A.3

St
Tko

NO* (BN — MO+ (BO))\‘ = op(1). Note that by first order Taylor expansion of (X g, (5*))?

L Nar(B0))® = XX+ 0p(1).

Thus it remains to prove that

around SBp we have ~
Vg (B*)? = (Vi (Bo))® +2(N gi (BN G5 (B*)(B" - Bo))

where * is in a line joining B* and Bp. Thus

NOEIN = S (Vi (8))?

- Zt 1(( 95(B0))? + 2(N g (BN G (B*)(B* — Bo)))
N (Bo)

ST2 ST AN g (BONGE(B) (B - Bo)).

Now denote G;j(ﬁ*) the column j of G¥(3*) thus

|— S a(Ngi (BN GE(B)(B — Bo))

St~y .
_‘miiz 2(A t(ﬁ)z AGtJ V(B3 — Bo,j)
=13 mT " a(N g7 (BTNGE (B (BE — Bj0))

<> LS 2(A’g:<3*>xaz,j(5*><8; = Bi,0))l
=>_ 0 —) Zgz(x’gz(é*w%@*)

by T and the fact that (BJ* — Bj,0) = Op(1/T"/?). Note that

S m * [ A% S m * [ Dk * [ Q%
SIS AN Ve < ST ST 2| (Ve (3N G
< Sl mr

_sup 2 |(Ng; (B)] sup |N'Gy;(8)]-
mp t=1p3cp BEB

[41]



Now define |Yr| = 2supgep [(V g7 ()| and | Zsr| = supge nr ‘)\/G;‘j (,8)) and apply Lemma A.9 above withp =2, d = /2
and pyr = 1/T, t =1, ...,T which shows that

St

— T2 sup 2|(Ng;(B)] sup })\/G:{j(ﬁﬂ =o0p(T~1/?)
mp =1 e peB

and hence the result follows.

Proof of Theorem 4.3: Note that by a Taylor expansion
VT/k2§* (B) = VT /kag" (5°) + G* /T k2 (B — B°),

where é} = 8§T(ﬁ~)/85’ and 8* is in a line joining Be* and B°.

Note that by Theorem 4.2 with W1 = Q1

VT/ka(B* = %) = —[GFQ T Q5] G /T k2[5 (Bo) — 97 (Bo)] + op(1).
Also by a Taylor expansion
VT/ka(5"(B%) = 5 (B0) = 4(B%) +3(B0)) = (G — Gr)v/T/ka (B° — Bo) (A.15)

05(1)0p(1) = 05(1),

where G, = 8{7}(5)/6,8’ where 3 is in a line joining 3¢ and By and G = 897 (3)/8B" where § is in a line joining 3¢ and
Bo-
Thus

\/g[é*(ﬁe*) =98] = [Im — G*[GFY 1G] G VT k297 (Bo) — 7(Bo)] + 0p(1).

Now since G* = G + op(1), G; = G +op(1), &* 1 = Q! + 0p(1) and by the bootstrap CLT Theorem A.2
VT /k2[§%(Bo) — g7 (Bo)] converges to N(0,Q) It follows that

\/>[ () — §(B)] = [Im — G [G'Q71C] " @'Y/ T k2[5 (Bo) — 97 (Bo)] + 05 (1).

Thus

T* = - [67(60) ~ ar (B0 (07" — 07 G [6' 6] 6 (57 (Bo) — dr(Bo)] + om (1)

- lalae ] e e —e la[@e ] e
= g '-olgld'e ] aeTln

and tr([Q~! - Q~1G [G'Q_IG]71 G'Q71Q) = m — p, it follows from Rao and Mitra(1972), the fact that J* =p*

x2(m — p). Since J 4, x2(m — p), the result stated in the Theorem is a consequence of Polya Theorem (Serfling, 2002,
p-18), as the chi-squared distribution has a continuous c.d.f. |

Proof of Theorem 4.4: We start by deriving the asymptotic distribution of W*. Define h{"* (8,7) = (9* (2¢, 8)", [¢* (¢, B)—
), h@*(8,~) = SRS (B,7)/mr and Q*(8) = ha*(B8,~)E*~1h%*(3,~). Note that the unrestricted bootstrapped
GMM estimator solves

(Be*/’ ﬁ,*’) = argmin Q*(B» 'Y)v

BeEB,yel
where I' is a compact parameter space. The solution is given by

B = argming*(8)'v*"15*(B),
BEB
o= (B - ER QT (B,

We note that by Theorem 4.1 3¢* = 8+ op(1) and by Lemma A.6 and £* = E+ 05(1) we have 4* = 4 + o (1).Since
these estimators satisfy the first order conditions we have D*(8e*)/E*~1he* (3e* 4*) = 0 with

(YT CB)mr 0
D(B)_(Z”;TI O (@) /mr 1, )

Thus by a Taylor expansion around (3¢,4')’

Dr (Y&t (30,4) + Dy orn (20 ) <o,



where 8* is in a line joining Be* and B¢. Thus
Gex e A - R A
VT ( B’AY* g ) = —[D¥E*"1D*7 1 D¥E*~VTh* (8,7).

Now notice that as in the proof of Theorem 4.2

T Gex _ je — — — T 7 a,* 7a
\/;( ﬁa*_ﬁ )=*[D: 'p~ip'= 1,/’?2[}%’ (Bo,0) — h%(Bo,0)] + op(1).

Thus by a Taylor expansion we have

il a(B°*) — a(B°) —  _pB9D'=E-p-tpa-1, L e _ ha o
\/;( JE gy ) = —R(B)D'E"'D]"'D'E 1\/;[% (Bo,0) — h$:(Bo,0)] + 05 (1)

= -—R[D'E"'D]"'D'E"Y, / %[ﬁ;’*(ﬁo, 0) — h%(B0,0)] + 0(1),

where * is in a line joining 3¢* and 3¢ as R(3*) = R+ op(1).
Thus

W* (T/kz)[’f‘”k _ ’ﬂ’ [R*(E*Ié*flb*)flé*,] -1 [77* _ 72}

= \/g[ilaT’*(ﬁo,O)—ﬁ“T(ﬁo, 0)'E~'D[D'E'D]" R [R(D'E' D) R] T

xR(D'E~'D)~'D'E"!, | %[B“T’*(,BO,O) — h(B0,0)] + 0 (1).

Since as D* = D + og(1) by Lemma A.7 and E* = E 4 0p(1) by Lemma A.6and the fact that \/T/]CQ[il;—f*(ﬁ0,0) -
iz% (B0,0)] = Op(1) by the bootstrap CLT. Thus as in Theorem 2.4 above W* converges to a chi-squared distribution with
s + r degrees of freedom.

‘We consider know the score statistic S*. We derive the distribution of the bootstrap restricted GMM estimator. Note
that the Lagrangian of the restricted problem is

L* = Q*(8,7) — a(B) N =+
Denote ¢* = (X, i’)’ the vector of Lagrange multipliers evaluated at the optimum. Thus the first order conditions are
D (Be*)h—* 1h( 0) ( *)Sb* =0.
Multiplying both sides by R(3¢*)'(D*'E£*~1D*)~1 we have

R (D (B8 D" (35 D B Y& B 0) = RV (DN B YE DB RGO
.16
Thus

= [R(Bf*)/(b*(éﬁ*)'é*_lﬁ*(Bf*))_13(35*)]_13(55*)'(15*(B?*)'é*_lb*(Bﬁ*))_lﬁ*(Bf*)/é*_lﬁ(ﬁﬁ*,0)& )
A7
Hence replacing (A.17) in (A.16) we have
D*(By*)'E*Th* (7, 0)
—R(B)R(BE) (D™ (B2%) 2"~ D*(B5%)) " R(Be™)] ' R(BL™) (D™ (B ) E* 1 D*(B)) D (Be*) =~ Hh* (B, 0) = 0.
But by a Taylor expansion h%*(8¢*,0) = h®*(8¢,0) + D*(8*)S1(82* — 3¢) where B* is in a line joining ¢* and 3¢

and S7 is a selection matrix such that
T _
~ _ G* (ﬁ*) /T
D* (B* )Sl — ( ’L 1 - .
z 1 Qt (,8 ) /T
Thus we have

[1 = R(BSH)IR(BE) (D* (B)'E* 1 D* (B ) T R(BE)I T R(BE) (D (B7) &1 D* (B7) ™)
[D*(B5*) & IVTh®* (87, 0) + D* () E* 1 D*(B*)S1vVT (67" — By)] = 0,

s \Fms* _ ey = (D @y e

x[I = R(BF)R(B™) (D" (B™) &1 D (B7) T R(BE) T R(B) (D* (B )'E* D™ (B77)) ]
Fy* IEx— T Ta,x (e
xD* ()& 1\/;11 (B7,0).

[43]

and consequently



Now as in (A.15) above we have

\/g(ﬁ“’*(éﬁ, 0) — h%*(Bo,0) — h*(B¢,0) + h®(Bo,0)) = op(1). (A.18)

S1 \/?(55* —B7) = —[D*(Br)'E DT (B
2

x[I — R(é:*)[R(Be*>'<b*(Be*y***lﬁ*<Be*)>*1R<B€*)1*R<B:*>'<D*(B:*)'é**lb*w:*))*]
X D* (B &1\ /TTka (h** (8o, 0) — h* (o, 0)) + A},

Therefore we have

Ap = D yE DG
(I — R(BF*)[R(BE*) (D (B)'E* 1D (B7)) T R(B:™)) T R(BE) (D* (B*) &1 D* (B7*)) Y]
xD*(B7)' &1/ T kah? (B, 0)
We show now that A% = op(1). But by the first order conditions of the original restricted problem we have
DEL(BE,0) — R(B)(R(3) (D'E1 D)~ R(Be)) L R(3S) (D'E~1 D)1 D'E~Lha (3¢, 0) = 0.
Hence
Ay = —IDBEYETDE
x[Ip — R(B5™)[R(B™) (D (B)'E* 1 D*(B7)) T R(B:™)) T R(B) (D™ (B™) EX D™ (B7™)) Y]
xD*(B7*)'E* /T k2h® (57, 0)
+[D*(B*) =D (BY)] I, — R(BY)[R(B;) (D'E™T D) R(B)] T R(B;) (D'E™1D) ]
xD'E71he(B3E,0)
= op(1)
by the bootstrap local UWL and \/%ﬁ” (8¢,0) = O,(1) which can be proven using Taylor expansion and the fact that
VT(B; = Bo) = Op(1).

It follows that
T 4 ~
Sy B =67) = —[D'E7'D]I - R[R/(D'E™'D) 'R R/(D'ETI D) Y]
2
xD'EY/T k2 (h** (B0, 0) — h%(Bo,0))
+OB(1).
Consider now the bootstrapped score statistic
T oy 5 PPN P . I PPN PR
8= (1) [ (B) — h(BD)] & D7 (D& 1 DY) DTET [T (B) — h(BD)]

Note that by a Taylor expansion of h*(3}) around f3, we have

ﬁ*'é*—l\/@ﬁ*m ) = [ D& D GG 30+ | e i )~ )

—D¥E*1D*(,)[D'E"'D]"}[I — RIR(D'E"'*D)"'R]!
xR'(D'E"'D)~ }D’:‘H/W(h“ * (B0, 0) — h*(6o,0))
+D*E* /T [ka (h** (B, 0) — h*(Bo0,0)) + 05 (1)
= [R[R'(D'E"'D) 'R "R/(D'E"' D) ' |D'E"" /T /k2(h** (Bo,0) — (B0, 0)) + 0 (1)

by A.18, the local bootstrap UWL, and the bootstrap CLT.
Thus

5= o) [y - R0 B D (DR DY) T DE T [ 5) — )

= V/T/kz2(h**(Bo,0) — h(Bo,0))'E~'D(D'E~'D)~!
x[R(D'E'D)"'R|7'R/(D*=*1D*) ' [R[R(D'E~'D)"'R]~!
X R/(D'E~' D)~ D'E71 /T /ka (A" (8o, 0) — h(B0,0)) + 0p(1)

= VT/ka(h**(Bo,0) — h(B0,0))’E~ ' D(D'E~' D)~} [R(D'E~'D) 'R~ 'R/(D'E~'D)™]
x D'E71\/T/ka(h** (Bo,0) — h(Bo,0)) + op(1)

= W*+op(1),

[44]



and the result follows.
Now we consider the distance statistic

D= GO — RG] & [ (B - RG] - 97 (3°) — 959 () — )

= G (Be o) — (3, 0)]) & R (B 0) - 55, 0)

N N A /- . R N R
= [he Bt — (8,8 B[R (B A7) - A (B.A)] 4 om (1),
as . B A . . _ A A
§*(Be*)lﬂ*_1§*(ﬂe*) — ha’*(ﬁe*,ﬁ*)la*_lha’*(ﬂe*,ﬁ/*),
and
Tg(p)'Q1g(B?) = ThU(5°,9)ETTAY(5%A)
= Th*(5%,4)'E " The(5%,4)
+Tﬁa(Be7ﬁ/)/[éil - é*il]ﬁa(ﬁh(iﬁ/)
= Th*(5°,4)'E " h*(5%,4) + o (1),
since VTh®(8¢,4) = Op(1) and E-1 — E*~1 = o5(1).
Now note that by two first order Taylor expansions we have

her(B,0) — R(BE0) = BUT(ELAT) — hO(E,A)
sz (B =8\ _ pea [ P -Be
w00y (2P )o@ (),
where * is in a line joining Bﬁ* and Be* and f is in a line joining BTE and ﬁe. Thus
T ~ A ~ ~ ~ N
(E)[h“’*(ﬁf*yo) — h*(Br, 0)'E* A% (B7*, 0) — h* (57, 0)]
T ~ N ~ ~ ~ ~ A
= G 77) = R (B A E T e (574 — e, 7)
T _ Rex _ Qex _ de _ Pe . “ “ “ “
oD %) (O 2P ) <o) (50 Yree e e %) e e )
2 Y Y
. o As* _ Be* B _ Bf _ Be Pk [y As* _Be* _ _ B: _ Be
o) (PSP ) ne (5 e (10T ) —o@ (7 )

Note that D*(3¢*)'&*~1ha*(8* 4*) = 0 and DZh*(3%,4) = 0. Thus

\/?D*(B*)lé*liba’*(ﬁe*,;}/*) %(D*(B*)lé*71 _ D*(Be*)/é*fl) /kzﬁa,*(ﬁe*7;}/*) — OB(l),
2 2 2
%D*(B*),é*illtba(éeﬂ?) _ %(D*(B*)/é*71 _ ﬁé)ﬁa(éev’?) _ OB(l).
v 2 v 2

by the bootstrap UWL, the standard UWL, ,/%fz“**(,@’e*,ﬁ/*) = 0p(1) and VTh*(3¢,4) = Op(1). Thus

LD (EYE T [ (3,57) — A3 4)] = on (),
2

and similarly |/ D(3)/&*~! [hm*(ﬁ*,a*) - ha(ﬁ,a)] = op(1).
Now as D*E*~1 [h®*(87,4%) = h*(8,4)| = op(1/VT) and D'E*~1 [+ (8*,47) = h*(8,4)] = 0p(1/VT) by the
first order conditions and the bootstrap UWL and the standard UWL.

Also
\/z[D*(B*)( FLE ) =@ (7 )= 0w,
as \/T(Ag* —Bg) =05(1), \/T(Be* —Be) = 05(1), ﬁ(ﬁe —50) =0,(1), \/T(Bg —,80) = 0,(1). Thus

T * (A% Bf**ﬁe* _ 2 B:*Be I1&x—11ja,%Qex ax\ _ jarpe -0
(£y2(D (6)( by ) D(B)( ; )1_ LR (3% 57) — (B, 4)] = o (1),

Now notice that D*(3*) = D + o (1) and D(3) = D + op(1), thus
T e Bﬁ*féﬁ*), —(Bﬁ—ée): T (B:MB:),(BE*—BE)
ﬁw @ (2 p@ (27 )=o) T Nen,

[45]



and consequently

T Ber —pe \ _ ( per-pe _ r P — i ym—1 =1 p1—1 pr yrm—1 1y —1
\/;D[( o) (LI ) = [ pE o R e ) R R (02 D)

2

x D'E~1/T/k2(h%*(Bo,0) — h(Bo,0)) + o5 (1).

Thus
%[D*(B*) ( 55*;56* ) —D(B)( B ;56 )]/é*fl[D*(B*) ( 55*’;55* ) — D(B) ( 55;56 )]
= VT/ka(h**(Bo,0) — h*(80,0))E""D(D'E~' D) 'R (D'E~'D)"'R] 'R/ (D'E~'D)~]
xD'E71\/T/ka(h**(Bo,0) — h*(Bo0,0)) + 05 (1)
— W fop(D).
|

A.5 Proofs of the results in section 4.2

Proof of 4.7: We only need to show that the regularity conditions of the lemma A.2 of Gongalves and White (2004) .
Condition (al) is satisfied as g(., 3) is measurable and continuous functions of measurable functions are measurable. Since
g(zt,B) is continuous on B the objective function is continuous § (8)’ Wrg (8) is continuous. Also Note that by T.

)
sup |§7(8)' W17 (8) — E*[97(8)) WrE* [97(8)]|
BEB

< sup |97(8) Wrat(B) — E*[97(B)) W1 E* [37.(8)]]|
+ sup |E*[57(B) W1 E*[97.(8))" — E*[97.(8) WrE*[97.(8)]] -

Now by T
Sop |97(B) W7a7(B) — Elgr (8))'WrE[GT(8)]] =
< sup [|95(8) — E*[gr B W7
BEB
+2 sup [197.(8) — E*[g7 (BN W7 | sup [IE*[57.(B)]II -
BEB pEB
Now for ps = 7¢, note that by Lemma A.1 Assumption 3.3 (a) is satisfied. Hence the bootstrap UWL and the local
UWL given by Lemmata A.6 and A.7 can be applied and therefore supgc g ||_Z)}(,B) — E*[55.(8)] H =op(1). HW} — Wr H =
op(1l) and W = Op(1).
T
BErO) = S ar@)
1 T
= (1+o0p(1)) T Zi:l gt (B)
= 0Op(1),
by Lemma A1l of Smith (2011). Thus
sup |97(B) W17 (8) — Elgr (B) WrE[GT (8)]] = 0p(1).
Now
sup [E*[97(8))' W1 E*[97.(8))" — E*[97(8)) WrE*[97(8)]']
€
= sup [E*[g7.(8)]' W7 — Wr]E*[97.(B))'|
peB
< sup [EX[gr (AW — Wl
peB

= Op(1)op(1).
Uniqueness was proven in Lemma 2.3 of Newey and MacFadden (1994). |

Proof of 4.8: Note that by that by Hansen (1982) we have

VT(B - B) % N0, (G'WGE) LG WaWG(G'WG) ™),

[46]



as since the normal is continuous we have for I' = (G'WG) " 1G'WOQWG(G'WG) !

sup
T ERP

lim 77{ sup 77*{1"_1/2\/?(3* —B) <z} — ()| > 6} =0.
T—oo | zeRp k2

Let G‘? = 8§T(B*)/66’, To prove asymptotic normality notice that by the FOC \/T/kzé}/Wq*,g}(B*) = 0. Hence a
first order Taylor expansion around [ yields

VT k2 GEW335(B) + GFWiGH/T/ k2 (8* — B) = 0,
where G‘} = 8@}(5*)/@5’ and * is on a line joining 3 and B*. Solving for \/T/kg(ﬁA* — B) we obtain
VT/ka(B* = B) = —[GF WG4 /T /k2GE Wi 55(B).
Now notice that by a Taylor expansion
VT/k2G5F W57 (B) = /T k2 GF W37 (o) + \/T/sz 'W;G (B~ Bo)
= VT/k2GF W37 (Bo) — g7 (Bo)] + \/T/kch 7(B0) + V/T/k2 G WEGH(B — Bo),

where G‘} = 8@}(5’)/85’ and gr(Bo) = Zthl gt,7(Bo)7¢ and B is on a line joining B and So.
Now note that by (A.2) we have

P{OY2TY2( — Bo) < z} — <I>(a:)‘

by Polya’s Theorem.
‘We prove now that

VT(B — Bo) = — (G WrGr) VTG Wrgr (Bo).
Thus
\/%GA*/ 7(Bo) + VT /kaGY WG (B — Bo) =
VT [k G Wi g (Bo) — \/WG Wi G (GpWrGr) G Wrgr (Bo) = op(1)

since VTgr(Bo) = Op(1), Wr = W + 0p(1), Gr = G + 0p(1), G5 = G + 05(1), Wi = Wr +op(1).

Now \/’_Z%G*T’Wr} [9%(80) — g1 (Bo)] converges to N(0, (G'WG) " 1G'WQWG(G'WG) 1) by bootstrap CLT Theorem
A.2 and the fact that G}fG =o0p(1) and W = W+op(1). The result follows as the \/7%(6* ) converges uniformly to
the sanﬁa asymptotic distribution of T*/2(3—8g). We note that 3 can be replaced by e because \f(ﬁ B0)—vVT(Be—Bo) =
op(1).

Proof of Lemma 4.2: The proof of this Lemma is identical to the proof of Lemma 4.1 with p;77 = #; and uses the
fact that 7t = 1 4 0p(1) by Lemma A.1.

Proof of Theorem 4.9: Note that by a Taylor expansion
T/k23*(B°*) = /T /k2§* (B) + G/ T/k2 (B — B),

where é} = 85}}@)/86’ where 3 is in a line joining 3°* and §.
Note that by Theorem 4.8 with Wx = Q*~1

VT/ka(6 = B) = (G 1G] T GH Y /T k2[5 (Bo) — g7 (Bo)] + o (1)
Also by a Taylor expansion
VT/ka(5* (B) = 5" (Bo) = §1(B) + r(Bo)) = (G — Gr)V/T/kz (B—fo) ,

where G} = 9gh (B)/0B' where § is in a line joining 8 and Bo and G = 851 (8)/83" where 3 is in a line joining 8 and Bo.
Now G = G+o0p(1) by Lemma A.7, G1 = G+0p(1) by Lemma A.1 of Smith (2011) and the fact that T = 140, (1)
by Lemma A.1. Also by Theorem 4.8 /T (B - 5()) = Op(1).

Now we show that 1/T/k23(8) = op(1).Note that by a Taylor expansion
VT3 (B) = VTG (Bo) + GrVT(B — o),

where G = 97 (8)/08' where § is in a line joining 3 and Bo. Gr = G 4 0p(1) by Lemma A.1 of Smith (2011)- and the
fact that T#; = 1+ op(1) by Lemma A.1. Thus by Theorem 4.8 we have

GrVT(B — Bo) = GEG'Q T2 5(Bo) + op(1).

[47]



Now by Lemma A.2 we have

VTG (o) = [GEG'Q T2 §(B0) + 0p(1)
Hencev'T§(3) = op(1). Thus

VT /k2(3*(Bo) — §(Bo)) — [GFO* 1G5 GH Q1 /T k235 (Bo) — G1(Bo)] + o (1)

= [Im —G*[ééﬁﬁ*_lé*} YEH T/ T/R2(9% (Bo) — 1 (Bo)] + o (1).
Now since G* = G + op(1), G& = G + op(1) *~1 = Q! + 0p(1) and by the bootstrap CLT Theorem A.2
VT /k2[37.(Bo) — g (Bo)] converges to N(O, Q) It follows as in Theorem 4.3 that J* = T§*(3°*)'Q*~1§*(3°*)/k2 converges

to x2(m—p). Since J A X2 (m—p) the result follows by Polya Theorem Serfling (2002, p.18), as the chi-squared distribution
has a continuous c.d.f.

PG

ED

Proof of 4.10: We start by deriving the asymptotic distribution of W*. Define h{"*(3,7) = (g* (2t, 8)', [q* (2¢, B) —
7)), h**(8,7) = SRS (B,7)/mr and Q*(8,7) = he*(8,v)2*~1h**(8,~). Note that the unrestricted GMM esti-
mator solves

( pex! A*/) _

argmin Q*(8,7).

BEB,yER™
As before the solution is given by
Fer = argming*(8)'2*1g"(8),
peB
’AY* — q*(Be*) _ é;lfz*flg*(ﬂ”e*).

Consistency of 3¢* follows from Theorem 4.7. We note that by Lemma A.6 and 2* = Z+ op(1) and 4* = 4 + op(1).

We derive now the asymptotic distribution of (Be*/, 4*")!.Since these estimators satisfy the first order conditions we

A~ A ~ ~ ~ /
have D*'E*~1h%*(3¢* 4*) = 0. Thus by a Taylor expansion around (Be', ‘y')

D*/r—*—lha *( 'Y) _,'_D*/r—*—lD* ( Be* _6:3 ) _ 0’

¥ =4

where D* = D*(3*)
D* (ﬂ) ( ZmT G* (B) /mT 0 )
SELQE ) fmr ~Is )’
and B* is in a line joining Be* and [3’6 Thus
f( L':)’;:* _i]& ) _ _[D*/é*—lD*]—lﬁ*/é*—lﬁha,*(ge’,?)‘
Now by a Taylor expansion
ﬁha,*(éa,sd _ Tl/QiLa’*(f)’o,O) + D* ( ,Be ;BO ) ,

where D* = D*(B),where 8 is in a line joining 3 and Bo.

‘We show now that

[D*/E*=1 P~ 1 D E*—1[TV/2],2.(8y, 0) — TV/2 D* ( B¢ ;50 )] —op(1).

First notice that by Lemma A.2 above we have
TV2h5 (B0, 0) = T7/2h§(60,0) — ( o ) PTY24(fo) + op(1) (A-19)
_ —172N\7 74 = 1/2 4
= T thl h&%(Bo,0) + ES1 PTY2§(80) + 0p(1).
Thus as £*~1 = 2~ + 05 (1) we have
[b*/éb*} 1D*/f—* 1T1/2h (BO:O)
A PR =1 AxrEe—1m—1/2 N  fa
= [D¥ED*]"'D*E*iT Zt:1 h%(Bo, 0)
7[b*/é*flﬁ*]71B*/SIPT1/2‘Q(BO) + Op(l)
_ Ayklmx—1 7Yk —1 Pyk/Sx—1pn—1/2 T 4
= [DVETIDTIDYETITTY2 N R (B0, 0)

—[D¥EFIDA T G QY { PT1/2 (o) ]

— [b*/é*—lb] 1 pHxrax—1p— 1/22 (507 )+0B(1)a
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as G* = G 4 og(1) by Lemma A.7 and G'P =
Now notice that

ﬁ(ﬁefﬂo):ﬁ<ﬁefﬁo)fﬁ(~oA) (A.20)
Y Y Y=
and the usual asymptotic representation of the efficient GMM estimator yields

\/T( BE ;BO ) [D/f—w 1D] lDlv— lT 1/22 (BO» )+Op(]-)7 (A21)

where D = D(j3) and 3 is in a line joining 3¢ and Bo. Hence by (A.20) and (A.21) we have

[ﬁ*lé*flb*}flﬁ*/é*le*ﬁ< 38;50 ) _ [ﬁ*lé*—lb*]—lﬁ*/é*le*ﬁ( Be;ﬁo )

—OB(l)ﬁ( ’?2’7 )

as ﬁ*, D* D* converge to D by the Lemma A.7 , and the fact that =l = =-1 4 op(1). It remains to prove that
VT (7= 4) = op(1).
First note that . . o .
VT (7 =4) = VTq(B°) = VTq(5°) + E2n 51, VT9(5°).
Now Lemma A.1 above yields
o a o T R .
q = q ™ — L)qtT
VT§(5°) VTG + . VT (i~ Daer (5°)
aer ST v e T2
= 4B+ FZ arr (B)ger (B)' 7>\(1/k2+0p(1))+0p( )-
Also by the FOC of the GEL problem with respect to A
- o .
= Z _,P1 (kA g (Baen))ger (Been) = 0.
T £st=1
Thus by a Taylor expansion around 0 we have

i Zt 1 gtT BGEL + = Zt 1 k)\ gtT(BGEL))gtT(B(‘EL)gtT(BCEL) A/k2 =0.

t=1

Thus
%/\/kz = [7 ;m (kX' ger (Born))ger (Barn) ger (Been)' 1~ VT g1 (Bar,).-
Now
2z ;pz (kX ger (Bors)) 9oz (Bomn)ger (Bam)' |~ = E5 + 0p(1)

by Theorem 2.5 of Smith (2011)-. Also by a Taylor expansion
ﬁgT(BGEL) = ﬁgT(ﬁO) + éTﬁ(BGm, - /BO)

and G /E 8g7(B)/0B" and J is in a line joining Ber. and Bo. now by Lemma A.2 of Smith (2011)- vVT§7(80) = VT §(Bo) +
Op(T~1/2).
! Since _ .
VT§(B) = VTg(Bo) + GVT (B - po),
where G = 83(3)/08'. It follows that vT§r(Ber) = \Fg(,é’e) + 0p(1) as G and G converge to G and VT (Bam, — 5¢) =

op(1). Consequently V(5 =) = op(1) as T/25(3%) = Oy(1)

Jex _ ge A a - A a P -
VT/ks ( ie* f; ) = —[D¥E* DT DY E /T [ka [R5 (Bo, 0) — h5(Bo, 0)] + op(1).
Thus by a Taylor expansion we have

VTR (M0 ) - RGO D DNE TRl (o, 0) — R (5o, 0)] + o).

where B* is in a line joining ,86* and Be.
Thus

w*x = (T/k‘g)[’f* —’F]/ [R*(D*/é*_lﬁ*)_lﬁ*']_l [’;‘* _77]

/T/kiz[ilgl*(ﬁo,()) _ E%(B&O)], [R*(b*/é*—lﬁ*)—lé*/] -1 R(B*)[D*/é*—lD*]—l
x D*'E* =1 /T [ka[h%* (Bo, 0) — h%(Bo, 0)].
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Thus as in Theorem 4.4 above W* converges to a chi-squared distribution with s + r degrees of freedom as D* =
D + op(1) by the bootstrap UWL Lemma A.7 and Z* = = + op(1) and the fact that by the bootstrap CLT we have

VT /k2[h%* (8o, 0) — h%(Bo, 0)] converging to N (0, E).

‘We consider now the S* statistic. First we derive the distribution of the bootstrapped restricted estimator. We first
note that this estimator is consistent by Theorem 4.7 adapted to the moment restrictions h(z¢, 3) and considering the the
compact parameter space {8 € B : a(8) = 0}.

The Lagrangian of the restricted problem is

L* =Q*(B,7) —a(B)'A =~
Denote the value of the Lagrange Multiplier at the saddle point as ¢* = (:\*', 1*")" thus the first order conditions are
D*E*"th(B;*,0) - R(57*)¢" = 0.
Multiplying both sides by R(82*) (D*Z*~1D*)~! we have
R(Bﬁ*)/(f)*lé*flD*)—lb*lé*flﬁa,*(3£*7 0) _ R(Bﬁ*)/(f)*/é*le*)flR(Bg*)sb* —0.
Thus . o . ) . o . o L
B* = [R(B) (D& D) R(BE)| T R(B) (DVE 1 D7)~ DYELi(Be*, 0).
Hence
f)*/&*flila,*(ﬁ”e* O)
= T
_R(Bi*)[R(Bi*)/(ﬁ*lé*flD*)71R(B$*)}—]_R(B:*)/(ﬁ*/é*—lﬁ*)—]_E*/é*flila,*(éi*, 0) =0.

But by a Taylor expansion around 3¢ we have h%*(3%,0) = he* (3¢, 0) + D* Sy (82* — B2) where D*
in a line joining S¢* and B¢ and Si is a selection matrix such that

( Y1 Gr(8%) /T ) .
S QF (BY) /T

D*(B3*), B* is

D*$,

Thus we have
[T = R(B:H)[R(B) (DYE*1D*) T R(B:)] T R(B;) (DE DY) ]
[D¥E*ITh** (Bg,0) + D¥E*"1D*SiVT(B* — 7)) = 0.
Hence
ST~ Bg) = —[DVE 1D - RGBEHIR(BEY (DVE D)~ R R(B) (DVE 1 D) Y
Xﬁ*/é*flﬁﬁa,* (Biv 0)
Now note that by a Taylor expansion around Sy we have
VT /ka(h®*(B7,0) = h®* (B0, 0) — h*(B7,0) + h*(0,0)) = (D* — D)S1V/T/k2(B; — o) (A22)
= 03(1)7

where D* = D*(f8) and § is in a line joining 3¢ and By and D = D(B) and J is in a line joining 3¢ and Bo. The second
line follows from a UWL an bootstrap UWL and the fact that \/T'/k2(8E — o) = Op(1).
We show now that

DY'E* T [kah (8o, 0) + D¥'E*~1\/T/kah® (8o, 0) = 0p(1). (A.23)
Note that by Lemma A.2 we have
D*E* Y /T /k2h%(B0,0) = D=1\ /T /k2h®(Bo,0) + D*'=* 1281 P\/T/k29(B0) + 0p(1),

and D¥E*~1281P = DS1P +op(1) = o5(1) as D* = D + o(1) by Lemma A.7, 2*~1 = 2=1 4 o5(1), and the fact that
G'P = 0 the result follows.
Thus we have

SIVTTRa(B —B7) = —D"E 1D
><[I _ R( ‘:*)[R(Bi*)/(f)*/é*—lb*)—lR(Bﬁ*)}—1R(B‘i*)/(l§*lé*—1f)*)—l}
xD*'=* 1\ /T [ka(h"* (Bo, 0) — h%(Bo, 0))
+A% +op(1). (A.24)

AL = —[DYEFTIDMTHI - R(BEIR(BE) (DVEFTIDY) TIR(B)] T R(BE) (DYETIDY) T
x D' E* 71\ /T /kah (B, 0).
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But by the FOC of the original restricted problem we have
D'E" h(B;,0) — R(B)[R(B) (D'ET' D) R(B)])~ R(B;) (D'E™' D) "' D'E~ (B, 0) = 0.

Thus
Ay = —[DVETIDN(I - R(B;)[R(B;)'(ﬁ*’**—lb*)*R(B:f>]*R(B*)'(ﬁ*'**—lm*m*'é*—l
—[1 = R(B)[R(B;) (D'E~' D)~ R(B;)] ' R(B;) (D'E~ D)~ D'E~1) /T /k2h (B,
= op(1).
by the bootstrap UWL and +/T/k2h(B¢,0) = Op(1).
Now
S* = (%) [ﬁ*(Bf*) _ ;’LT(B::)],é*—lﬁ*(ﬁ*/é*—lﬁ*)—lb*/é*—l [B*(Bre*) _ ﬁT(Bﬁ)] )

Notice that by two Taylor expansions

Tk [ (B7) = b (89)]

VT k2(h* (Bo) — b (Bo)) + /T/k2(D* — D)(Br — Bo)
= /T/ka(R*(Bo) — hr(Bo)) + 0p(1),

where D* = 9h* (Br)/8B' where B lies in a line between Br and By and D = dh (Br)/0pB" where f, lies in a line between

Br and Bg. The second line is due to a UWL a bootstrap UWL and the fact that /T /kz(8r — Bo) = Op(1).
Thus by a Taylor expansion

D'E /T ko (B (B7) — hr(Br)) = V/T/ke DYE* 1 D* (B2 — Br)
+V/T/ke DY'E* 1 (B (B7) — hr (B5))
7_D*/é*flb*[b*/é*—lD*}—l[I_R(B:)[R( ) (D * Pk — 1D*) IR(B )] IR( ) (D*/—* 1D*) ]

x DY E* =1\ /T [ky (h* (Bo, 0) — h%(Bo, 0))
+b*/é*-1¢%(ha*<ﬁo, 0) = k(B0 0))

= [R(B})[R(BY) (D*E*'D*) "' R(6})) T R(B}) (DY'E* 1 D*) 7]
x DX'E* =1/ T [ka (h** (Bo,0) — hr (B0, 0)) + op(1),
where D* = 8h*(B,)/08" and f, lies in a line between 3¢ and By and using (A.23).
Thus
st = (,%) [ (Bg) = R (B)| &2 D*(DE D7) DMERL [ (Be) — hr(B7)
= TR (50, 0) — i B, 0 D (B By
X[R(3E"Y (D& D)~ RGBT R(BE) (D51 D))
X [R(BE)IR(BE) (DYE DY) T R(BE) T R(BY) (DYE* 1 D*) 7Y
x D& /T ka (h** (B0, 0) = b (8o, 0)) + 05 (1)
= TTka(h (B0, 0) — (B0, 0))'E* L D (DE 1 D)
x[R(B) (DYE*TD*) T R(B7)] T R(BH) (DY'E* 1 D)7
X DX'E* /T [ka (h** (8o, 0) — B (B0, 0)) + op (1),

and the result follows.
Now we consider the distance statistic

Dr = (Z)[[ﬁ*(ﬁ?)—5(37«)]'3*71@*(35*)—E(Br)}—ﬁ*(ﬁe*)’ﬁ*’lé*(ﬁe*)}

(k2 (A% (87, 0) = hip(Br, 0))'EH A" (55, 0) — A (Br, 0)]

ha *(ﬁe* A*)/r—-* lha *(Be* A*)]

as

g*(ée*)lﬂ*—lg*(ée*) — ha,*(lée*’ﬁ*)/é*—lha,*(ﬂ‘e* A*)

Note now that by two Taylor expansions

R (Br.0) —R$(B2.0) = her(B AN 7)

(e 6;§ b,
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where D* = 9h**(3*,7*)/88' and (B*',7*')" is in a line joining (8¢*',4*')’ and (3°*',0') and D = 9h%(8,%)/88" and
(8,5 is in a line joining (3¢/,0") and (3%,4')’. Thus

%[ﬁ“’*(ﬁﬁﬂ 0) — h*(B5, 0)/ X [h¥* (B, 0) — A (B, 0)]
— Z Ta,xcpex ak\ _ jaipe z * Bg*_Be* )_ > ( Bﬁ—BE )/f*fl
Al (5, 47) — he(8%,5) + D ( . I IE

X[ﬁ“’*(é’e*ﬂ*)—ﬁ“(ﬁeﬁHD*( T )—15( rr )1}

— Z[ﬁa,*(ée*7;y*) _ iLa(Be,’?)]/E*_l[fla’*(gﬁ*,’?*) _ ;La(Bﬁ,’A}’)}

k2
z % B»‘pi**Be* )7 ) ( B?*BE )/&*71 pa,k(pex a2x\ _ raipe z
T (A B 1 ) o e S R R )
1 D> Bf*_ée* )_ ) ( Bf_Be ) Imx—1
+k2 b ( -5 b -5 I=
X[D*( B )_D( pr =B )].
- -
Note that
VIDVETRG(B,5) = DYEWTRG(B,5) + DVETIVT S (niv — Dher(5°,4)
Fy* ! Sk — rache 2 Fyx ! Sk — S pe 2\ Al T1/2A
= DVETWTRG(EA) + DUETNEE ST her (B i g A+ op(1)

= DYE'WThG(B%,4) — DYETHES + 0p())(T2 Pgr(Bo) + op(1))

using Lemma A.1 and the fact that (T/2/Sp)A = —TY/2Pgr(Bo) + 0p(1) by Smith (2011) Proof of Theorem 2.3 (see
expression B.2, p A.11). Now as GP = 0 and D* = D + 0,(1) by Lemma A.7 and 2*~1 = 2= 4 0,,(1) and the fact
T/2§7(80) = Op(1) that we have

VTD*E*1R9(3,4) = VTD*E*~1ha(8,4) + op(1), (A.25)

Now by three Taylor expansions we have

(et <R e,) = e - R + 0 (220

=4
. - . Ge _ .. Gex _ e
= G00) B B00) + (07 = D) (7% Y pr (10
ol e
= h**(Bo,0) — h%(Bo,v0) + A (Bo,v0) — h*(Bo, o)
o Ge _ .. dex _ pe
+(D*—D)(ﬁABO>+D*(BA* @ )
Y v
= O0p(1/VT),
where D* = 0h®*(8*,%*)/88" and (B*',5*')’ is in a line joining (8¢*',4*')" and (8¢,4')" and D = 85%(6, ¥)/0B" and
(-,B.l, ') is in a line joining (3¢,4’)" and (84,0") and D* = 9h**(B*,5*)/88" and (B',5')’ is in a line joining (3¢,4')’
and (66,0')'. The result follows from the bootstrap CLT, the standard CLT, Lemma A.2 and asymptotic normality of

(B = B°Y. (3" =4)")" and ((5° — Bo), 7).
Thus by A.25

D*/é*_l ﬁ[iLa,* (Be*’;y*) _ B%(Bey,?)] — D*/é*—l ﬁ[ha,* (Be*’ ,?*) _ h%(ﬁe’ﬁ/)] + Op(l)
= [DVE*L - DYEFUVTIRY* (B, 4%) — % (B%,9)] + op(1),

as D¥E*~1ha* (3% 4%) = 0 and D*'E*~1V/Th*(B¢,4) = [D*'E*~1—D'E~1VTh*(B°,4) = 0p(1) since D'E~1h*(3°,4) =
0 and consequently

DENVTRG(F ) = DEVTUGEH) ) +

DT 0.0~ 0,00 + D by~ DT P

= op(1)

with Dp = 8%%(&,&)/6,8/ and D = 8h(B,5)/08" and (B',5') is in a line joining (3¢,4’)’ and (B5,0")". The result follows
from equation (A11) page [A.3] and Lemma A.1 of Smith (2011).
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Since VT [h**(B°*,4*) — ha (B¢,
2~ 140p(1) and the fact that VT [h®
oB(l) Similarly DE*~ 1\/>[ha*(55 Y*
Note also that 3¢* — 3¢ = (Be* — Bf)
Op(1/V/T) and 4* — 4 +4 = Op(1/VT)

Hence

)] Op(1 ) and D* = D + og(1), D* = D + op(1) by Lemma A.7 and Z*~1
Be* A% — h“(ﬂe )] = Op(1) it follows that D*'E*— lf[ha*(ﬂe* *)— ;La(Be,'Ay)} =
(

( *
Re(Be A = op(1). )
3o — 5) +(BE = Bo) — (B° — o) = Op(1/VT), B~ B¢ = (B~ o) — (B°— o) =

)_
and 4 = Op(1/VT)

Z ~x Af* - Be* P éf - Be ISmx—=1[fa,x(gex 2%\ _ Fape 2\ —
ko 2[D ( *’AY* ) D ( *’AY )] = [h (ﬁ Y ) h‘T(B 17)] - 03(1)'
Now note that

Z;[ ( @e*_’yﬁe* ) ( Bf:ﬁyﬁe )]: \/713(( 6:/*_56 )_( j*O_Bﬁ ))+03(1)

as D* = D +op(1), D =D+ o0p(1) and B, — 8 = Op(1/VT) and 4* = Op(1/V/T) and 4 = O, (1/V/T).

Thus
_\/; (( ﬁ;*ife )_( Bﬁ*O_BTe ))_\/gDm*/é*lb*]l[R(B:)

BB (02D R BB (08 D) D E IR (50, 0) = R 5. )
(5

using the asymptotic representations of \/7T"/ka( B°), (5% —4)") given in Theorem 4.8 and of S1+/T/k2(B¢* — 32)
given in (A.24).

Thus
E[D* ( BTE* i?e* ) 7D( Bﬁ *ABE )]/E*—I[D* ( Be* ,86* ) D( Be )}
ko - -
D*)”

= [VT/ka(h"*(Bo,0) — h (5o, 0))'E* 1 D*(D¥'E*~1D*)~ 1R(ﬁe*)[R(5f*)( ':* LD TIR(BE) !
XR(B*) [D*'E* 1 D] D'E* I DIDYE T D THR(BE) [R(B) (DYE DY) TTR(B)]
XR(B*) (D*E* D) T DY E* /T ka (h** (B0, 0) — h(Bo, 0))) + op(1)
= [VT/ka(h"*(Bo,0) — h(Bo,0))'E* 1 D*(D¥'E* 1 D*) " R(B:*)[R(B*) (DYE* 1 D*) "' R(B7)] !
XR(B) (DYE* DY) TDME T /T k2 (h* (Bo, 0) — R (o, 0)) + o(1),
and the result follows as in the proof of Theorem 4.4. Il

Proof of Theorem 4.11: We start by deriving the asymptotic distribution of W1. Define h?’T(B, v) = (gt (2, 8), [at (2, B)—
A1), At (8,7) = ST R 1(8,~)/mr and QT (8) = haT(8,v)'Et—1ha1(8, 7). Note that the unrestricted GMM estimator

solves

(B°V,4") = argmin Q(B,7).
BEB,yeER™

The solution is given by

BeT = argmingf(ﬁ)/QT_lgT(IB):
BEB
3= - S A,

Consistency of 3¢t follows from Theorem 4.7 hence 3¢T = 3¢ + 0(1) and since 3¢ = 3¢ + 0,(1) as 8 and B, are both
consistent we have 3¢T = 3¢ 4+ 05 (1). We note that by Lemma A.6 and 1 = 2+ 0p(1) we have 3¢T =4 +o0p(1) = op(1).

Since these estimators satisfy the first order conditions we have DVEt-1pt (ﬁef, '?T) = 0. Thus by a Taylor expansion
around (3¢,0') we have

DPUEF1RE (B, 0) + DIEN-1 5t ( BA”; Be ) _o,
Y
where Dt = DT(81),
D (B) = PO %( )/mr 0
2 QeB)/mr —Is
and BT is in a line joining BeT and Bf Thus
et _ N o N A R
f( 8 st B ) = —[DVEI-1 DY DVET-L VTR 1 (B2, 0).
Now notice that expanding vTh®T(8¢,0) around Sy yields
VTh*1(57,0) = VTh*T(8o,0) + D'S1 (57 — fo)
VTh*1(Bo,0) — VTh(Bo,0)
+VTh (8o, 0) + DT S1(B5 — fo),
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where Dt = DT(BT) and A1 is in a line joining Bf and fp.
By the asymptotic representation of Bﬁ we have
DYSiVT (B¢ — Bo) = —DS1[A — AR [RAR'] " RA]D'E='VTh(Bo, 0) + op(1).

as DT = D4 0p(1) by Lemma A.7.
Also by Lemma A.4 we have

VTh%(B0,0) = DS1[A — AR' [RAR'] ™" RAID'E~|VTh% (8o, 0) + op(1), (A.26)
Consequently
VTh®(Bo,0) + DT S1VT(Br — Bo) = op(1). (A.27)
It follows that
VTR (P15 ) < —pretphrEt o [ Dkt (50,00 - VTR (50,0)L
Thus by a Taylor expansion we have
et 3ty (Bet — e gt Get _ je
m( a(gT ) ) _ m( A(B )(gT Bg) ):( A(é?) ? )ﬁ( B &Tﬁr )
= —R(BHDVEITID DY E /T ko[ (Bo, 0) — h(Bo, 0)] + o (1),

where BT is in a line joining BeT and ,5’,?

Thus

wi (T/k2)# T [RT(DVET-1 DT =1 R 15T
= VT/ka[h3" (B0, 0) — kB0, )/’ EF - DI DVET 1 D= R(FTY [RT (DVET1 DY)~ R
xR(BT[DVET1 DN DV =1 /T /ka [R5 (B0, 0) — % (Bo, 0)].

Thus as in the proof of Theorem 2.4 above W1 converges to a chi-squared distribution with s+ r degrees of freedom as
~D‘L = D+o0p(1) by the Lemma A.7 and 2 = E40p(1) and the fact that by the bootstrap CLT we have \/T/kQ[h%’T(ﬁo, ¥)—
h%(Bo,y)] converging to N(0,E).

We consider know the ST statistic. First we derive the distribution of the bootstrap restricted estimator. We note that

BI is consistent by Theorem 4.7 applied to the moment indicators h(z¢,8) and restricted parameter space B,. Note that
the Lagrangian of the restricted problem is

Lt = Q1 (8,7) — a(B) AT —+/pu.

Denote ¢ = (:\“’7 [ﬂ’)’ X and [ are the Lagrange multipliers evaluated at the optimum. Thus the first order conditions
yield o L )
DVETTR(B:T,0) — R(B:H@T = 0.

Multiplying both sides by R(3T)"(DVEt—1DT)~1 we have
R(BETY (DI'ET-1 D)1 DET-1het (32,0) — R(BETY (DVET-LHT) 1 R(3eh )T = 0.
Thus A o . . . o . o L
¢f = [R(G:T) (DVETT D) T R(B:N) 7 R(B;T) (DVET DY)~ DVET 1R (51T, 0).
Hence
DVEITTRST(BET,0) — R(6DR(BE) (DVETT DY) T1R(:1) T R(BET) (DVET1 DY) ~1DTET AT (671, 0) = 0.

But by a Taylor expansion }AL“‘T(B:T, 0) = h*t(Be,0) + Dt S, (BﬁT — B¢) where where S is a selection matrix such that

T

o (00
i@ (BY) /T
Dt = Dt (3") where 1 is in a line joining 3" and 3¢, thus we have
(1 = RBIREG (DVETT DY R(BEH) T R(BET) (DVET1DT) 1)
x DVE1=1yThet(3g,0) + DVEI1 DI Si VT (Bt - f2) = 0.
Hence
SIVT(BH = B7) = —[DVEFTDI I — RBINRBH (DVETT DY~ RGN T R(BT) (DVET DT )
x DVEI-1LYThet (B2, 0).
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Now note that by a Taylor expansion around B¢ we have
VT ko (k™1 (87, 0) = h™¥(Bo,0) = RF(B7, 0) + h(80,0)) = (D' = D)S1v/T/ka (B} — Bo) (A.28)
= op(1),
where DT = Dt(8) and § lies in a line joining 3¢ and By and D = D(j,) where

s (LGB O
b )‘( ST QB e 1L )

and (3, is in a line joining Bﬁ and Sp.
Note that by a Taylor expansion

VT /k2h% (B2, 0) = /T /k2h$(Bo,0) + DS1(BE — Bo), (A.29)

where ) = D(f) and § is on a line joining 3¢ and 8. Note that similarly to (A.27) the rhs of (4.29) is op(1). Thus we
have

ST —pg) = —[DVETIDITI - R(BEN[RBET (DVET DY R(BeH) T R(BT) (DVET1 D) ]
x DV TRt (89, 0) — VThE(Bo,0)] + op(1).
Now let us consider the score statistic:
St— (kZ)ﬁT(ﬁ”ﬁT)/éT—lﬁT(DT/QT—IDT)—lﬁT/éT—lm(Bgf)A
2

‘We proved above that
VT [k (h*1(8g,0) = h*(80,0) + b (80, 0)) = op(1).
Notice also by a Taylor expansion
VT/k2h® (B5T,0) = \/T/kah®T(B7,0) + /T /k2 DV S1(B7T — 57),
where Dt = DT(3) and $ is in a line joining Bﬁ and (y.Thus
DVEITNT kb (BT) = DVETTAT(8o,0) — h(Bo, 0)]
—DVE-Y (DYDY E-1 DL DY ET LT[R (80, 0) — VThé(Bo, 0)]
HDVEN DI R RBE (VR DY T R3]
xR(BT) (DVETT DY) T DVEITIVT(A"T (80, 0) — VTh# (8o, 0)] + 0p(1)
[DVET=1 DT RGN [R(BET) (DVETT DY) T R(5))
xR(BT) (DVETT DY)~ DVEI VTR T (8, 0) — VTh4 (8o, 0)] + 0p(1).
Hence
S* = (kl;)fl’r(gre‘r)'é’r*lfﬁ(ﬁf’éf*lﬁ‘r)flﬁﬂ@‘*lm(Bﬁf)
= VT/ka(h*(Bo,0) — h§(Bo,0))'ET DI (DVE 1D~
x[R(BT) (DVETL DY) R(BI) T R(BT) (DVET DY) T RBIIR(BT (DVET DY) T R(BT)] !
X R(BE) (DVETL DY) T DVET! /T /ka (h** (o, 0) — h (5o, 0)) + op(1)
= VT/ka(h" (B0, 0) — (8o, 0))EN ' DI (DVEIT DY) ~HR(B;T) (DVET DY)~ R(3;T)]
xR(BT) (DVETL DY) DVEI /T /ka (AT (8o, 0) — h(B0, 0)) + 0(1)

as the result follows as in the proof of Theorem 2.4.
Now we consider the DT statistic:

Dt = (C)RNEE SR (A - gty a1t (B
2
= DB 0y R (B 0) - ReT (3 5T BT (3 4T
2
Expanding ﬁ“’T(BfT,O) around (B3, 41) yields

hT (85T, 0) he1 (Bt 41)
+D1’ ( BiT _Be’i’ )
—4t

_ gatiget atya pr BT B\ _ ( BT - B¢
= ettty pi( O ) - (PR,
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where Dt = D(f) and f lies in a line joining Bﬁf and 3¢f. Thus

T - o ~ A A
()R (BT, 0y =R T (BT, 0)
2

= (et @t w0 BB ) - (T e

v
zet _ jpe et _ fe
xfist et (A ) - (P )
= (e ATy E e 41

+(kz2)2{[)’r[( BfTO*Bf ),( BeT:},_ Bff )}}/é’r—lha,‘r(g’rjfylr)

Lyon(( By () Bt —pe N _( Bt e
— DT T s r2t-1 DT T r _ T .
o' 27 e )
Now notice that by the first order conditions of the bootstrapped GMM problem we have

VIDVE e (3T,5T) = VI(D - DIYEIThed (341, 41)
op()[VThT(B1,41].

Now note that by two Taylor expansions
jet _ Qe
het (b pet —p )
@+ (777
= BQ’T(BO,"YO)-FDT( ’86560 )—l—ﬁf( Bj_?e )
= 2" (Bo,70) — h*(Bo,70) + h*(Bo,v0)
+D‘r( B° — Bo >+D ( per - pe )
Y —’Y
= Op(1/VT),

where D = DT([S’) and 3 is in a line joining 8¢ and B and D
VTDVEI=1het(5t,4T) = 0p(1) and

(%){DT[( Aﬁfo—éf ) (WT’;B )}}I—T Theot(get 41) = op (1)

Rt (Bt 41)

t o DT(ﬁ) and B is in a line joining et and . Thus

as Bt — Bg = 0p(1/VT) and Bt — B¢ = Op(1/VT).
Additionally notice that

T N N N N ~ N ~ - N ~
(Q{h‘l’*(mt&T)'E*—lh‘” (Bt 41) — het (et 4Ty ET T haT (et 41)}

EFHA®T(BT,4T)} = op (1),

= (O ATy E
2

as B—1 — Ef~1 = 55(1) the result follows as we proved that h® T (3¢t 41) = Op(1/VT).

Also

e et — bt T BB 5% — B

(55 )= (P35 Y a5 )= (5 sty

Thus

T Get _ fe et _ 3 T Aty et ] mEr Ae

x[R(BTY (DVET DY)~ R(BeT)
xR(BN(DVET-1 DN DVEI=L /T /ke (%1 (B0, 0) — h%(Bo, 0))
+OB(1)7

vITe (P15 = —[Df'é“bﬂlﬁ*’é*l[\/?hﬂ’*(m,o) — VTF(8,0)),
2
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SWWTBEt - Bg) = —[DVETTIDNTT — R(BEHRBLTY (DVET DY) TP R(BEN) T R(BE (DVET D)~
x DEI=1VT[h*T (8o, 0) — VTh$(Bo,0)] + 0p(1).

and the facts that Dt = D40p(1) by Lemma A.7 also R( AfT) = R+o0p(1), by continuity of R(8) and Ef~1 = 2~140,(1).

Thus
%{D”( ﬁ*o—ﬁﬁ ) _ ( ﬁeT&; Bs )]}/éT—l{DT[( ﬂﬁ*o—ﬁf ) _ ( /Befﬁ; By )}
= %[W(ﬁ“’f(ﬁoﬁ) — h%(Bo, 0))EI DI (DVEIT DY) T R(BEN[R(BH) (DVET T DY) T R(B)] Y
xR(BeTY (D't DN~ p'Ef-1p|DI'Et-1 Dt)—!
x[R(BH[RBT (DVETIDY) T R(BH T R(BET) (DVET DT) 7Y
x DVET1/T/ka (1 (Bo, 0) — 1 (B0, 0))
= %[\/W(BG’T(ﬁmo) — h%(B0,0))EI DT (DVEIT DY) T R(BEN [R(BLH) (DVETT DY) T R(B:T)] !

xR(B:1) (DVETL DY) " DVEN /T ka (b1 (B0, 0) — h(Bo, 0)) + o5 (1),

and the result follows as in the proof of Theorem 2.4. Il
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